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MODULI SPACES OF PRINCIPAL F -BUNDLES
YAKOV VARSHAVSKY
Abstract. In this paper we construct certain moduli spaces, which we call mod-
uli spaces of (principal) F -bundles, and study their basic properties. These spaces
are associated to triples consisting of a smooth projective geometrically connected
curve over a finite field, a split reductive group G, and an irreducible algebraic
representation ω of (Ĝ)n/Z(Ĝ). Our spaces generalize moduli spaces of F -sheaves,
studied by Drinfeld and Lafforgue, which correspond to the case G = GLr and ω is
the tensor product of the standard representation and its dual. The importance of
the moduli spaces of F -bundles is due to the belief that Langlands correspondence
is realized in their cohomology.
1. Introduction
Let X be a smooth projective curve geometrically connected over a finite field Fq,
F = Fq(X) the field of rational functions on X, A = AF the ring of adeles of F , ΓF
the absolute Galois group of F , and l a fixed prime, not dividing q.
Recall that the Langlands correspondence for GLr, proved by Lafforgue ([La2]),
associates an irreducible ℓ-adic representation ρpi : ΓF → GLr(Ql) to every cuspidal
representation π of GLr(A), whose central character is of finite order. As a result,
to each pair consisting of π and an algebraic representation ω of GLr, Langlands
correspondence associates an ℓ-adic representation ρpi,ω := ω ◦ ρpi of ΓF .
Let G be a split reductive group over Fq, hence over F , and let Ĝ/Ql be the dual
group of G. Then Lafforgue theorem together with Langlands functoriality conjec-
ture predicts that to every pair (π, ω) consisting of a tempered cuspidal representa-
tion π of G(A) with finite order central character and an algebraic representation ω
of Ĝ, one can associate an ℓ-adic representation ρpi,ω of ΓF , whose L-function equals
that of (π, ω).
More generally, for each n ∈ N let F (n) = Fq(Xn) be the field of rational functions
of Xn. Then π together with an n-tuple ω = (ω1, . . . , ωn) of representations of Ĝ
give rise to an ℓ-adic representation ρpi,ω of ΓF (n), defined as the composition of the
natural restriction map ΓF (n) → (ΓF )
n with representation ⊠ni=1ρpi,ωi of (ΓF )
n. In
This research was supported by ISF (grant No. 38/01-1).
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particular, the Langlands conjecture associates to every pair consisting of π and an
irreducible representation ω of (Ĝ)n a certain ℓ-adic representation ρpi,ω of ΓF (n).
Furthermore, it is generally believed that the corresponding ρpi,ω is “motivic”,
that is, there exists an algebraic variety Xpi,ω/F (n) such that ρpi,ω is a subquotient
of its cohomology. Moreover, for certain ω’s one hopes to find an algebraic “space”
Xω which “realizes all of ρpi,ω”. By this we mean that Xω is equipped with an action
G(A), and H∗c (Xω, IC(Ql)) has a “motivic” subquotient isomorphic to the direct
sum of the (π ⊠ ρpi,ω)’s, taken with certain multiplicities.
When G = GLr, n = 2 and ω is the product of the standard representation and
its dual, the existence of Xω was proved by Lafforgue ([La2]), generalizing an earlier
work of Drinfeld ([Dr1, Dr2]). On the other hand, the required space cannot exist
in the case G = GL2, n = 1 and ω is the standard representation. Indeed, the
subquotient should be defined over Ql, but the direct sum
⊕
pi(π ⊠ ρpi) is not (see
[Ka]). Thus Xω can exist only for certain ω’s.
The goal of this paper is to construct a candidate of Xω for each irreducible
representation ω of (Ĝ)n/Z(Ĝ) (where Z(Ĝ) is the center of Ĝ, embedded diagonally
in (Ĝ)n) and to study its basic properties. By analogy with F -sheaves, introduced
by Drinfeld, we will call our spaces moduli spaces of (principal) F -bundles.
More precisely, for each n ∈ N we construct a “space” Xn over F (n), equipped
with an action of G(A). Next for each irreducible representation ω of (Ĝ)n/Z(Ĝ) we
construct a G(A)-invariant closed “subspace” Xω. Then we construct a “cuspidal”
subquotient of H0c (Xω, IC(Ql)), in which Langlands correspondence “should be real-
ized”. This is especially plausible in the case G = GLr (see Conjecture 2.35), when
Langlands correspondence is known, so the question is well posed. As evidence, we
show that our conjecture holds in the Drinfeld’s case and holds “up to r-negligibles”
in the Lafforgue case.
Roughly speaking, our construction can be described as follows: the space Xn
classifies triples consisting of an n-tuple (x1, . . . , xn) ∈ Xn, a G-bundle G on X, and
an isomorphism φ between the restrictions of G and its Frobenius twist τG to the
complement of (the graphs of) the xi’s.
To define Xω’s, observe that each irreducible representation ω of (Ĝ)
n (hence of
(Ĝ)n/Z(Ĝ)) corresponds to a certain n-tuple (ω1, . . . , ωn) of dominant coweights of
G (see Remark 2.17). Then we define Xω to be the closed substack of Xn, consisting
of those triples (G; x1, . . . , xn;φ), for which the relative position of φ(G) and τG at
xi is less than or equal to ωi for each i.
By construction, Xn is just a twisted version of the global affine grassmannian
over Xn. Moreover, if we denote by Fω/Xn the extension by zero of the IC-sheaf
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of Xω, then the correspondence ω 7→ Fω is just a twisted version of the geometric
Satake correspondence (see Theorem 2.20 and Corollary 2.21).
Finally, to get the required subquotient ofH0c (Xω, IC(Ql)) we proceed in two steps:
first, we consider its maximal pure quotient of weight zero H0c,pure(Xω, IC(Ql)), and
then take the subspace of H0c,pure(Xω, IC(Ql)), consisting of all elements, vanishing
on the locus of reducible F -bundles (i.e., those F -bundles which has a φ-invariant
parabolic structure).
We would like to note that our construction is a rather straightforward combi-
nation of the original Drinfeld construction of the moduli of F -sheaves, Beilinson–
Drinfeld construction of the Hecke stacks, and geometric Satake correspondence. In
particular, it was known to Drinfeld and some others.
Notation and conventions
1) Let G be a split reductive group over a finite field Fq, let G
der be the derived
group of G, Gsc the simply-connected cover of Gder, Gab := G/Gder the abelinization
of G, and Gad the adjoint group of G. Let B ⊃ T ⊂ Z be a Borel subgroup, a
maximal torus, and the center of G, respectively. We denote by Bsc ⊃ T sc ⊂ Zsc
the corresponding objects of Gsc, and similarly for Gder and Gad.
2) Let ρ be the half-sum of all positive coroots of G.
3) By a quasi-fundamental weight of G we mean the smallest positive multiple of
a fundamental weight of Gsc, which belongs to X∗(T ad) ⊂ X∗(T ).
4) Let X∗+(T ) and X
+
∗ (T ) be the sets of dominant weights and coweights of G,
respectively.
5) Weights (resp. coweights) of G we equip with (standard) ordering: λ1 ≤ λ2 if
and only if the difference λ2 − λ1 is a positive integral linear combination of simple
roots (resp. coroots) of G.
6) For an algebraic group H , an H-bundle H on Y , and a representation V of G,
we denote the vector bundle H\[H× V ] on Y by HV .
7) For a dominant weight λ of G, we denote by Vλ the Weyl module of G with
the highest weight λ. Also for a G-bundle G on Y , we denote GVλ by Gλ.
8) For a finite scheme D over a field k, put OD := k[D] and |D| := dimkOD.
9) For a finite scheme D over a field k, denote the Weil restriction of scalars
RD/kG by GD. In particular, GD(k) = G(OD). More generally, for every closed
embedding between finite schemes D1 →֒ D2, we denote by GD1,D2 the kernel of the
natural homomorphism GD2 → GD1.
10) For a closed point v of a curve X, let Ov and Fv be the completions at v of
the stalk at v of the structure sheaf and the field of its fractions, respectively.
11) For an S-point x of a scheme X, let Γx ⊂ X × S be the graph of x.
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12) By ∆ ⊂ Xn we denote the set of all n-tuples (x1, . . . , xn) for which there exist
i 6= j with xi = xj .
13) By an IC-sheaf on a stack Y , we will mean the intermediate extension of
the constant perverse Ql-sheaf on a open dense substack Y
0 of Y such that the
corresponding reduced stack (Y 0)red is smooth. The IC-sheaf is normalized so that
it is pure of weight zero. The IC-sheaf on Y will denote by ICY or simply by IC.
14) For a stack Y over a finite field Fq, we denote by Frobq : Y → Y the absolute
Frobenius morphism over Fq.
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2. Main constructions and results
Notation 2.1. a) Let X be a smooth projective curve geometrically connected
over a field k, and let Bun = BunG be the stack classifying G-bundles on X, i.e.,
BunG(S) = {G− bundles on X × S} for each scheme S over k.
More generally, for each finite subscheme D ⊂ X, let BunD = BunG,D be the
stack over Bun classifying G-bundles on X with D-level structures, i.e.,
BunG,D(S) = {G ∈ BunG(S), ψ : G|D×S
∼
→ G×D × S}.
b) For each µ ∈ X∗(T
sc)⊗Q = X∗(T
ad)⊗Q, let Bun≤µG be a substack of BunG,
consisting of G-bundles, whose degree of instability is bounded by µ, i.e.,
Bun≤µG (S) = {G ∈ BunG(S)| for each geometric point s ∈ S, each
B − structure B of Gs and each λ ∈ X
∗
+(T
ad) : degBλ ≤ 〈µ, λ〉},
where Bλ is the corresponding line bundle. A substack Bun
≤µ
G is open in BunG (see
Lemma A.3). More generally, for every D we will denote by Bun≤µG,D the preimage
of Bun≤µG in BunG,D.
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The proof of the following basic fact will be recalled in A.1.
Lemma 2.2. The set of connected components π0(BunG) of BunG is canonically
isomorphic to π1(G) := X∗(T )/X∗(T
sc) (which in its turn is canonically isomorphic
to the group of characters of Z(Ĝ)).
Notation 2.3. Denote by π0 the canonical map BunG → π0(BunG) = π1(G), and
denote by [ω] ∈ π1(G) the class of ω ∈ X∗(T ).
Next will introduce affine grassmannians and Hecke stacks following Beilinson and
Drinfeld ([BD]).
Definition 2.4. a) For each n ∈ N and each finite (not necessary non-empty)
subscheme D ⊂ X, let HeckeD,n be the stack, which for each scheme S over k,
classifies triples:
i) (G, ψ), (G′, ψ′) ∈ BunD(S);
ii) n points x1, x2, . . . , xn ∈ (X rD)(S);
iii) isomorphism φ : G|(X×S)r(Γx1∪...∪Γxn )
∼
→ G′|(X×S)r(Γx1∪...∪Γxn )
, preserving D-level
structures (that is satisfying ψ′ ◦ φ|D×S = ψ).
As in the case of BunD, we will omit D from the notation when D = ∅.
b) For each n-tuple of dominant coweights ω = (ω1, . . . , ωn) ofG, letHeckeD,n,ω be
the closed substack of HeckeD,n defined by the condition that “the relative position
of φ(G) and G′ at xi is less than or equal to ωi for each i” in the following sense:
iii)ω φ(Gλ) ⊂ G′λ(
∑n
i=1〈λ, ωi〉Γxi) for each dominant weight λ of G;
iii′)ω π0(Gs)− π0(G′s) = [
∑
i ωi] for each geometric point s ∈ S.
By Lemma 3.1, HeckeD,n,ω is an algebraic stack locally of finite type over k.
Remark 2.5. a) Condition iii)ω implies that for each character λ ∈ X∗(G) we get
φ(Gλ) = G′λ(
∑n
i=1〈λ, ωi〉Γxi). Indeed, apply iii)ω to both λ and λ
−1.
b) If Gder is simply connected, then iii′)ω is a consequence of iii)ω. Indeed, in
this case, π1(G) = X∗(G
ab). Hence condition iii′)ω is equivalent to the equality
deg(Gλ) = deg(G′λ) +
∑n
i=1〈λ, ωi〉 for every λ ∈ X
∗(G) = X∗(Gab) (compare the
proof of Lemma 2.2 in A.1). Thus the statement follows from a).
c) Stack Hecken has a natural involution which interchanges G, φ with G′, φ−1.
This involution sends Hecken,ω into Hecken,−w0(ω), where w0 is the longest element
of the Weyl group of G, acting onX∗(T )n diagonally. To see this, note that V−w0(λ) is
the dual of the Weyl module Vλ and that the projection X
∗(T )→ π1(G) is constant
on the orbits of the Weyl group.
d) One may consider a variant of the definition of Hecken,ω, in which iii)ω is
replaced by an a priori stronger condition: φ(GV ) ⊂ G
′
V (
∑n
i=1〈ξ, ωi〉Γxi) for each
weight ξ of G and each representation V of G all of whose weights are less than
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or equal to ξ. Though the stack defined by this condition might be smaller than
the original one, it follows from the Cartan decomposition that the corresponding
reduced stacks coincide. However we do not know whether the same is true for
stacks themselves (compare Remark A.10).
Following [BD], we also consider iterated Hecke stacks.
Definition 2.6. a) For each n ∈ N and each finite subscheme D ⊂ X, let Hecke′D,n
be the stack which for each scheme S over k classifies triples consisting of the
following:
i) n + 1 elements (G, ψ) = (G0, ψ0), (G1, ψ1), . . . , (Gn, ψn) = (G
′, ψ′) of BunD(S);
ii) n points x1, x2, . . . , xn ∈ (X rD)(S);
iii) isomorphisms φi : Gi−1|(X×S)rΓxi
∼
→ Gi|(X×S)rΓxi , preserving D-level structures,
for each i = 1, . . . , n.
b) For each n-tuple of dominant coweights ω = (ω1, . . . , ωn) of G, let Hecke
′
D,n,ω
be the closed substack of Hecke′D,n defined by the condition that each
[(Gi−1, ψi−1), (Gi, ψi); xi;φi] ∈ HeckeD,1(S)
belongs to HeckeD,1,ωi(S).
Remark 2.7. a) Alternatively, Hecke′D,n,ω can be defined as a fiber product
HeckeD,1,ω1 ×BunD HeckeD,1,ω2 ×BunD . . .×BunD HeckeD,1,ωn.
b) We have a natural forgetful map π : Hecke′D,n,ω → HeckeD,n,ω, which forgets
(G1, ψ1), . . . , (Gn−1, ψn−1) and replaces the φi’s by their composition. Furthermore,
π is projective (see Lemma 3.1) surjective and small (see Lemma A.12).
c) More generally, for each partition n = k1 + . . . + kl one can similarly consider
a partially iterated Hecke stack
HeckeD,k1 ×BunD HeckeD,k2 ×BunD . . .×BunD HeckeD,kl.
The previously defined stacks HeckeD,n and Hecke
′
D,n correspond to the trivial
partition n = n and the maximal partition n = 1 + . . .+ 1, respectively.
Notation 2.8. Denote by p and p′ forgetful morphisms HeckeD,n → BunD sending
the triple to (G, ψ) and (G′, ψ′) respectively, and define by Hecke≤µD,n and Hecke
≤µ
D,n,ω
the preimages of Bun≤µD under p. Similarly we define Hecke
′≤µ
D,n and Hecke
′≤µ
D,n,ω.
Remark 2.9. The space HeckeD,n is canonically isomorphic to the restriction to
(X rD)n of the fiber product Hecken ×Bun BunD, where the map Hecken → Bun
is either p or p′.
MODULI SPACES OF PRINCIPAL F -BUNDLES 7
Definition 2.10. Let Grn (resp. Grn,ω, Gr
′
n, Gr
′
n,ω) be the stacks classifying the
same data as Hecken (resp Hecken,ω, Hecke
′
n, Hecke
′
n,ω), together with a trivial-
ization of G′. These spaces are called global affine grassmannians (over Xn).
Now we are ready to introduce our main object. From now on k will be a finite
field Fq.
Notation 2.11. For a scheme S/Fq and an S-pointA of a stack X over Fq, we denote
the S-point Frob∗q(A) by
τA. In particular, for a coherent sheaf or a G-bundle F
over X × S, we will write τF instead of (IdX × Frobq)
∗(F).
Definition 2.12. For each n ∈ N and finite subscheme D ⊂ X, let FBunD,n (resp.
FBunD,n,ω, FBun
′
D,n,ω, FBun
≤µ
D,n,ω) be the stack classifying the same data i)–iii) as
HeckeD,n (resp. HeckeD,n,ω, Hecke
′
D,n,ω, Hecke
≤µ
D,n,ω) together with an isomorphism
G′
∼
→ τG, preserving D-level structures.
We will call these spaces moduli spaces of (principal) F -bundles.
Remark 2.13. a) Explicitly, a stack FBunD,n classify triples consisting of a pair
(G, ψ) ∈ BunD(S), an n-tuple (x1, . . . , xn) ∈ (X rD)(S), and an isomorphism
φ : G|(X×S)r(Γx1∪...∪Γxn)
∼
→ τG|(X×S)r(Γx1∪...∪Γxn )
such that τψ ◦φ|D×S = ψ. In particular, FBunD,n is equipped with a natural action
of the group G(OD), which replaces ψ by g ◦ ψ for each g ∈ G(OD) and does not
change all the other data.
b) In the case G = GLr, ω1 = (0, . . . , 0,−1) and ω2 = (1, 0, . . . , 0), the space of
F -bundles FBun′D,2,(ω1,ω2) (resp. FBun
′
D,2,(ω2,ω1)
) is the moduli space of right (resp.
left) F -sheaves FShD,r (resp. D,rFSh) studied by Drinfeld and Lafforgue.
Definition 2.14. An n-tuple ω = (ω1, . . . , ωn) ∈ X∗(T )n is called admissible if the
sum of the ωi’s belongs to X∗(T
sc).
Remark 2.15. As Frobq acts trivially on π0(BunG), we get from Lemma 2.2 that
condition iii′)ω of Definition 2.4 implies that ω is admissible if FBunn,ω is non-empty.
Conversely, if ω is admissible, then condition iii′)ω in the definition of FBunn,ω holds
automatically.
The following proposition, whose proof will be given in 3.2, summarizes basic
properties of the moduli spaces of F -bundles, generalizing [Dr1, Prop. 2.3 and 3.2].
Proposition 2.16. a) FBunD,n,ω is a Deligne–Mumford stack over (XrD)
n, locally
of finite type. Moreover, connected components of FBun≤µD,n,ω are quotients of quasi-
projective schemes over (X rD)n by finite groups. Furthermore, these components
are quasi-projective schemes, if |D| is sufficiently large relative to µ.
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b) Every FBunD,n,ω is a finite (e´tale) Galois cover of FBunn,ω ×Xn (X r D)n
with Galois group GD(Fq). In particular, for each D1 ⊂ D2, FBunD2,n,ω is a finite
Galois cover of FBunD1,n,ω ×(XrD1)n (X rD2)
n with Galois group GD2,D1(Fq).
c) If ω1 = . . . = ωn = 0, then FBunD,n,ω is canonically isomorphic to the product
of (X rD)n with a discrete stack BunD(Fq).
d) FBunD,n,ω is non-empty if and only if ω is admissible.
e) The forgetful morphism π : FBun′D,n,ω → FBunD,n,ω is projective. Moreover,
π is an isomorphism over Xn r∆.
Remark 2.17. n-tuples of dominant coweights of G are in canonical bijection with
dominant weights of (Ĝ)n and hence with irreducible representations of (Ĝ)n. Under
this bijection, admissible n-tuples correspond to representations, trivial on Z(Ĝ).
Notation 2.18. Denote by [n] the set {1, . . . , n}, and for each set A we will identify
An with the set of functions on [n] with values in A. In particular, every map
η : [n]→ [k] induces a map η∗ : Ak → An. Moreover, if A is an abelian group, then
η induces also a map η! : A
n → Ak (defined as η!(f)(i) :=
∑
j∈η−1(i) f(j)).
2.19. Stratification. All of the above stacks have natural stratifications:
a) The stratification of Hecke′n (and hence of FBun
′
n and Gr
′
n) is indexed by
n-tuples ω ∈ X+∗ (T )
n. To see this, define a partial order on X+∗ (T )
n by the rule
ω′ ≤ ω if and only if ω′(i) ≤ ω(i) for each i ∈ [n]. Then Hecke′n,ω′ is contained
in Hecke′n,ω if ω
′ ≤ ω. For each ω ∈ X+∗ (T )
n, let Hecke′0n,ω be the complement in
Hecke′n,ω of the union of all Hecken,ω′’s with ω
′ < ω. Then {Hecke′0n,ω}ω gives us a
required stratification of Hecke′n, and we denote by {FBun
′0
n,ω}ω and {Gr
′0
n,ω}ω the
induced stratifications of FBun′n and Gr
′
n, respectively.
b) The stratification of Hecken (and hence of FBunn and Grn) is indexed by
equivalence classes of triples (k, η, ω), where k ≤ n is a positive integer, η : [n]→ [k]
is a surjection, ω is an element of X+∗ (T )
k, and the equivalence relation is given by
the rule (k, σ ◦ η, ω) ∼ (k, η, σ∗(ω)) for each σ ∈ Sk. The set of equivalence classes
has a natural partial order defined by the rule that [(k′, η′, ω′)] ≤ [(k′′, η′′, ω′′)] if and
only if there is a surjection η : [k′′]→ [k′] such that η′ = η ◦ η′′ and ω′ ≤ η!(ω
′′).
For each T = [(k, η, ω)], let Hecken,T ⊂ Hecken be the image of Heckek,η!(ω)
under the closed embedding Heckek →֒ Hecken, induced by η∗ : Xk →֒ Xn. Then
Hecken,T ′ is contained in Hecken,T if T ′ ≤ T . Denote by Hecke0n,T the complement
in Hecken,T of the union of all Hecken,T ′’s with T ′ < T . Then {Hecke0n,T }T gives
us a required stratification of Hecke′n, and we denote by {FBun
0
n,T }T and {Gr
0
n,T }T
the induced stratifications of FBunn and Grn, respectively.
MODULI SPACES OF PRINCIPAL F -BUNDLES 9
For each ω ∈ X+∗ (T ), we denote Tω := [(n, Id, ω)] simply by ω. This will not
lead to confusion, since each Hecken,Tω coincides with Hecken,ω and since we have
Tω′ ≤ Tω if and only if ω
′ ≤ ω.
The following theorem and its corollary, which will be proved in 4.2 and 4.4,
respectively, imply that locally in the e´tale topology, FBunn,ω (resp. FBun
′
n,ω) is
isomorphic to Grn,ω (resp. Gr
′
n,ω). This result generalizes the corresponding result of
Drinfeld ([Dr1, Prop. 3.3]), asserting that the moduli space of F -sheaves is smooth.
Theorem 2.20. Grn,ω is a local model of FBunD,n,ω. In other words, for every
point y ∈ FBunD,n,ω, there exists an e´tale neighborhood p1 : Uy → FBunD,n,ω of
y and an e´tale morphism p2 : Uy → Grn,ω. Moreover, p1 and p2 induce the same
stratification of Uy and the same morphism Uy → Xn. Furthermore, p2 lifts to an
e´tale morphism Uy ×FBunD,n,ω FBun
′
D,n,ω → Gr
′
n,ω, compatible with stratifications.
In particular, Gr′n,ω is a local model of FBun
′
D,n,ω.
Corollary 2.21. a) The open stratum FBun0D,n,ω of FBunD,n,ω (resp. FBun
′0
D,n,ω
of FBun′D,n,ω) is dense. It is non-empty if and only if ω is admissible.
b) The reduced stacks (FBun0D,n,ω)red and (FBun
′0
D,n,ω)red are smooth over
(X r D)n of relative dimension
∑n
i=1〈2ρ, ωi〉. Furthermore, both FBun
0
D,n,ω and
FBun′0D,n,ω are reduced, unless charFq = 2, and G has a direct factor isomorphic to
PGL2 or PO2m+1.
c) The IC-sheaf of FBunD,n,ω (resp. FBun
′
D,n,ω) is the restriction (up to a ho-
mological shift and Tate twist) of that of HeckeD,n,ω (resp. Hecke
′
D,n,ω). In par-
ticular, its restriction to each stratum is a direct sum of complexes of the form
Ql(k + n/2)[2k + n] with k ∈ Z.
d) The forgetful morphism π : FBun′D,n,ω → FBunD,n,ω is projective, surjective
and small. In particular, the intersection cohomology (with compact support) of
FBunD,n,ω coincides with that of FBun
′
D,n,ω.
Remark 2.22. The second assertion of b) says that in most cases the open strata
FBun0D,n,ω and FBun
′0
D,n,ω are reduced. However, we do not know whether the same
is true for the full stacks FBunD,n,ω and FBun
′
D,n,ω (compare Remark A.10).
Definition 2.23. We will call an F -bundle (G; x1, . . . , xn;φ) reducible if there exists
a maximal parabolic subgroup P ⊂ G and a P -structure P of G such that φ induces
a rational isomorphism between P and τP.
The following result, proved in 5.3, shows that “at infinity” all F -bundles are
reducible.
Notation 2.24. Let d(ω) be the maximum of the 〈
∑n
k=1 ωk + 4gρ, λi〉’s taken over
the set of all fundamental weights λi of G
sc, where g is the genus of X.
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Theorem 2.25. Every F -bundle from FBunn,ω r FBun
≤d(ω)ρ
n,ω is reducible.
Remark 2.26. Using methods and results of K. Behrend ([Be2]), one can show
that Theorem 2.25 still remains true if d(ω) is replaced by the maximum of the
〈
∑n
k=1 ωk, λi〉’s. In particular, the bound d(ω) can be made independent of the
curve X. However, Theorem 2.25 seems to be sufficient for all the applications, and
the proof of a better bound is much more involved.
Notation 2.27. Let FBun∗,n be the generic fiber over X
n of the inverse limit of
the FBunD,n’s, and let FBun∗,n,ω be the corresponding closed substack.
2.28. For each maximal parabolic P , let FBunP,n be the stack classifying the data
consisting of an F -bundle (G; x1, . . . , xn;φ) and a P -structure P of G such that φ
induces a rational isomorphism between P and τP. We have a natural forgetful
map FBunP,n → FBunn, whose image is the set of all reducible F -bundles, corre-
sponding to P . More generally, define FBunP,D,n, FBunP,n,ω be the fiber product
of FBunP,n over FBunn with FBunD,n, FBunn,ω, respectively.
Definition 2.29. By an orispheric substack we will call the image in FBunD,n,ω
(resp. FBun∗,n,ω) of an irreducible component of FBunP,D,n,ω (resp. FBunP,∗,n,ω).
A more precise version (Proposition 5.7) of the following result generalizes the
corresponding results of Drinfeld ([Dr1, Prop. 4.3]) and Lafforgue ([La1, II, Thm. 5]).
Proposition 2.30. Every orispheric substack of FBun∗,n,ω is closed.
The following simple result, proven in 3.7, provides us with a space over F (n),
equipped with an action of G(A).
Proposition 2.31. a) The group Z(A)/Z(F ) acts naturally on FBunD,n and pre-
serves each FBun≤µD,n,ω.
b) For each cocompact lattice J ⊂ Z(A)/Z(F ), the quotient J\FBunD,n,ω a
Deligne–Mumford stack, which is a quotient of a quasi-projective scheme by a fi-
nite group. Furthermore, it is a quasi-projective scheme if J is torsion-free, and |D|
is sufficiently large relative to µ.
c) The induced (from a) actions of Z(A)/Z(F ) on FBun∗,n and FBun∗,n,ω nat-
urally extend to continuous right actions of G(A)/Z(F ).
From now on fix a cocompact lattice J ⊂ Z(A)/Z(F ) (which we may assume to be
torsion-free) and an admissible n-tuple ω. We are going to define for each i ∈ Z the
intersection cohomology with compact support H i = H iJ(ω) = H
i
c(J\FBun∗,n,ω, IC)
and its pure quotient H ipure = H
i
pure,J(ω), both being ΓF (n)-modules over Ql.
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2.32. By Proposition 2.31 b), every J\FBun≤µD,n,ω is a quotient of a quasi-projective
scheme over Xn by finite group. Therefore we can consider the intersection coho-
mology H i,µD := H
i
c([J\FBun
≤µ
D,n,ω]×Xn F
(n), IC) and its pure quotient H i,µpure,D (see
Notation 6.1, 6.3 and Remark 6.4).
For each µ ≤ µ′ and D ⊂ D′, we have a natural morphism H i,µD → H
i,µ′
D′ (using
Proposition 2.16 b)), which by Remarks 6.2 and 6.4 induces an embeddingH i,µpure,D →֒
H i,µ
′
pure,D′. Thus we can form direct limits H
i and H ipure of the H
i,µ
D ’s and the H
i,µ
pure,D’s,
respectively. Both spaces are equipped with a continuous action of the product
G(A)× ΓF (n).
Finally, let H i,µpure and H
i
pure,D be subspaces of H
i
pure, obtained as direct limits of
the H i,µpure,D’s taken over D’s and µ’s, respectively.
Notation 2.33. Let H icusp = H
i
cusp,J(ω) be the subspace of H
i
pure, consisting of
all elements vanishing on all orispheric substacks C ⊂ J\FBun∗,n,ω (recall that
orispheric substacks are closed by Proposition 2.30, and see Remark 6.2 c) for the
definition of the restriction map).
The main advantage of H icusp over all previously defined spaces is due to part b)
of the following result, proved in 6.5.
Proposition 2.34. a) For each dominant coweight µ ≥ d(ω)ρ, we have
H icusp,J(ω) = ∩g∈G(A)g(H
i,µ
pure,J(ω)).
b) H icusp is an admissible representation of G(A).
Conjecture 2.35. If G = GLr, then the representation H
0
cusp,J(ω) of GLr(A)×ΓF (n)
is isomorphic to the direct sum
⊕
pi(π ⊠ ρpi,ω), where π runs over the set of all
cuspidal representations of GLr(A) with π(J) = Id, and ρpi,ω is the same as in the
introduction. (Here we identify ω with the corresponding representation of (Ĝ)n as
in Remark 2.17.)
Remark 2.36. When G is arbitrary, we also expect that cuspidal tempered part of
Langlands correspondence can be realized in H0cusp, but one has to take into account
the contribution of endoscopic groups as well.
To provide an evidence to our conjecture, we will show in Section 7 the following
result.
Theorem 2.37. a) In the Lafforgue case (that is, for G = GLr, n = 2 and ω is the
tensor product of the standard representation of Ĝ = GLr and its dual), Conjecture
2.35 holds up to r-negligibles (see Notation 7.1). More precisely, there exists an
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exhausting filtration 0 = V0 ⊂ V1 ⊂ V2 ⊂ . . . ⊂ H0cusp such that each V2i+1/V2i is
r-negligible, and
⊕
i V2i/V2i−1
∼=
⊕
pi(π ⊠ ρpi ⊠ ρˇpi).
b) Conjecture 2.35 holds in Drinfeld’s case (that is, in the Lafforgue case with
r = 2).
Remark 2.38. Finally, let us introduce objects, described in the introduction.
Let Xn and Xω be the inverse limits of the J\FBun∗,n’s and the J\FBun∗,n,ω’s,
respectively, taken over all cocompact lattices in Z(A)/Z(F ). Then H ic(Xω, IC) and
its required subquotient H icusp(Xω, IC) are the direct limits of the H
i
J(ω)’s and the
H icusp,J(ω)’s, respectively. In particular, in the case G = GLr, our Conjecture 2.35
for all J ’s is equivalent to the assertion that H0cusp(Xω, IC) is isomorphic to the direct
sum
⊕
pi(π ⊠ ρpi,ω), where π runs over the set of all cuspidal representations with
finite order central characters.
3. Basic properties of F -bundles
In this section we will prove Propositions 2.16 and 2.31. For each ν ∈ π1(G) =
π0(BunG), let us denote by Bun
≤µ;ν
G,D the preimage in Bun
≤µ
G,D of the connected
component of BunG, corresponding to ν, and similarly for other spaces such as
Hecke and FBun. We will use the following lemma, whose proof will be sketched
in A.4.
Lemma 3.1. a) If |D| sufficiently large relative to µ, then Bun≤µ;νG,D is a smooth
quasi-projective scheme for each ν ∈ π1(G).
b) Stack Hecken,ω is projective over Bun×Xn.
c) The forgetful map π : Hecke′D,n,ω → HeckeD,n,ω is projective. Moreover, π is
an isomorphism over Xn r∆.
3.2. Proof of Proposition 2.16. b) The map (G, φ) 7→ (G|D×S, φ|D×S) gives a mor-
phism from FBunn ×Xn (X rD)n to the stack YD classifying pairs consisting of a
G-bundle G˜ on D × S and an isomorphism τ G˜
∼
→ G˜. Since G and therefore GD are
geometrically connected, Lang’s theorem implies that YD is a classifying space of
the discrete group GD(Fq) = G(OD) (use Lemma 3.3 below). Now the statement
follows from the fact that FBunD,n is canonically isomorphic to the fiber product
of FBunn ×Xn (X rD)n and SpecFq over YD ∼= G(OD)\ SpecFq.
a) By b), we can replace D by its multiple, so we can assume that |D| is suf-
ficiently large to satisfy a) of Lemma 3.1. Then Hecke≤µ;νD,n,ω, being the restriction
of Bun≤µ;νD ×Bun Hecken,ω to (X r D)
n, is a quasi-projective scheme. Now the
statement follows from the fact that FBun≤µ;νD,n,ω is a closed substack of Hecke
≤µ;ν
D,n,ω.
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Indeed, FBun≤µ;νD,n,ω is the preimage in Hecke
≤µ;ν
D,n,ω of the graph of the Frobenius
morphism in Bun≤µ;νD ×Bun
≤µ;ν
D .
c) We have to check that BunD satisfies the conclusion of Lemma 3.3 b) below.
Instead of checking that BunD satisfies the assumption of Lemma 3.3 b), we can
argue as follows. As the question is local for the Zariski topology, we may replace
BunD by its open substack Bun
≤µ;ν
D . By Lemma 3.1 a), there exists a finite sub-
scheme D′ ⊂ X containing D such that Bun≤µ;νD′ is a scheme. Then Bun
≤µ;ν
D′ clearly
satisfies Lemma 3.3, so the statement for Bun≤µ;νD follows from b) together with
the fact that groupoid Bun≤µ;νD (Fq) is isomorphic to the quotient of Bun
≤µ;ν
D′ (Fq) by
GD,D′(Fq) (use again Lang’s theorem).
d) The “only if” statement was explained in Remark 2.15. Assume now that
ω is admissible. Then FBunD,n,ω contains a substack consisting of F -bundles for
which x1 = . . . = xn and φ is an isomorphism. As this substack obviously contains
(and actually is isomorphic by c) to) a non-empty stack BunD(Fq)× (X rD), the
statement follows.
e) follows immediately from statement c) of Lemma 3.1. 
Lemma 3.3. a) Let X be an algebraic stack locally of finite type over Fq, and let
Y be a stack over Fq such that Y(S) = {(A,Φ) |A ∈ X (S),Φ ∈ IsomX (S)(
τA,A)}.
Then Y is a Deligne–Mumford stack, e´tale over Fq, containing the discrete stack
X (Fq) as an open and closed substack.
b) If, in the notation of a), all geometric fibers of the diagonal morphism
∆X : X → X × X are connected, then Y is canonically isomorphic to X (Fq).
Proof. a) As Y is a fiber product over X × X of the diagonal ∆X and the graph of
Frobenius morphism, Y is an algebraic stack locally of finite type over Fq. One checks
that the canonical morphism Y(Fq[t]/(t2))→ Y(Fq) is an equivalence of categories,
therefore the diagonal morphism ∆Y is unramified. Hence Y is a Deligne–Mumford
stack (see [LMB, Thm. 8.1]), and Y is e´tale over Fq.
It remains to check that the natural functor i : X (Fq) → Y(Fq) is fully faithful.
But this follows from (actually is equivalent to) the first axiom of a stack (sheaf
axiom for Isom(x, y)) applied to e´tale covers SpecFqm → SpecFq for all m ∈ N.
b) We have to show that the functor i : X (Fq) → Y(Fq) from a) is essentially
surjective. Let (A,Φ) be any object of Y(Fq), and we want to find an object B of
X (Fq) such that i(B) is isomorphic to (A,Φ). Choose m such that A is (a pull-back
of) an object of X (Fqm), and Φ belongs to IsomX (Fqm )(
τA,A). Then
Φ(m) := Φ ◦ τΦ ◦ . . . ◦ τ
m−1
Φ : A = τ
m
A
∼
→ A
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defines an Fqm-point of an algebraic group H := IsomX (A,A). If Φ
(m) is the identity,
then the existence of B is equivalent to the second axiom of a stack applied to the
e´tale cover SpecFqm → SpecFq. The general case easily reduces to this one. Indeed,
our assumption about ∆X implies that H is a connected group over Fqm. Therefore
Lang’s theorem implies the existence of h ∈ H(Fq) such that τ
m
h = h◦Φ(m). Then h
induces an isomorphism between (A,Φ) and (A,Φ′ := h◦Φ◦ τh−1). By construction,
Φ′(m) is the identity, completing the reduction. 
Remark 3.4. a) Lemma 3.3 gives an explanation of the Drinfeld’s lemma (see for
example [La1, Ch.1, 3, Lem. 3]) used by Drinfeld and Lafforgue.
b) In the proof of Proposition 2.16 we used Lemma 3.3 only in two particular cases:
when X is a scheme and when X is a classifying space of a connected algebraic group.
In both cases the proof can be simplified.
3.5. Before beginning the proof of Proposition 2.31, recall that G(A) acts naturally
(on the right) on the inverse limit Bun∗ of the BunD’s. Any element of Bun∗(S)
consists of a G-bundle G over X × S equipped with trivializations φv : G|Ov×S
∼
→
G×Ov × S for all closed points v of X. For each g = (gv)v ∈ G(A), choose a finite
set of closed points T of X such that gv ∈ G(Ov) for all v /∈ T . We claim that
there exists a unique G-bundle G˜ over X × S such that G˜|(XrT )×S = G|(XrT )×S and
G˜|Ov×S = φ
−1
v (gv(G×Ov × S)) for each v ∈ T (the last equality we consider inside
G˜|Fv×S = G|Fv×S). Indeed, by [BL], the corresponding statement holds for vector
bundles, so by Tannakian formalism it holds in general.
Since G˜ is clearly independent of T , the rule (G, {φv}v)g := (G˜, {g−1v ◦φv}v) defines
the required group action. Moreover, it follows from the construction that Z(F ) acts
trivially, and that the induced action of Z(A)/Z(F ) on Bun∗ gives an action on each
BunD. Furthermore, since the open substack Bun
≤µ
G was defined as the preimage
of Bun≤µ
Gad
⊂ BunGad , the group Z(A)/Z(F ) preserves each Bun
≤µ
G .
Remark 3.6. The above argument actually shows that Bun∗ is equipped with an
action of a huge ind-pro-algebraic group, whose group of Fq-points is G(A).
3.7. Proof of Proposition 2.31. a) and c) follow from the fact that the action of
G(A)/Z(F ) on Bun∗ (resp. Z(A)/Z(F ) on Bun
≤µ
D ), defined in 3.5, naturally lifts to
the actions on FBun∗,n (resp. FBun
≤µ
D,n) and leaves FBun∗,n,ω (resp. FBun
≤µ
D,n,ω)
invariant.
b) By Proposition 2.16 b), the statement would follow if we show that the in-
duced action of J on π0(FBunD,n,ω) has finitely many orbits and has finite stabiliz-
ers. As we proved in 3.2 that the projection π0(FBunD,n,ω) → π0(Bun) has finite
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fibers, it will suffice to prove the corresponding statement for π0(BunG) instead of
π0(FBunD,n,ω).
Notice that Z(A) acts on π0(BunG) = π1(G) via the continuous homomorphism
Π : Z(A) →֒ T (A)
pi
−→ X∗(T ) → π1(G), whether π is given by the rule 〈π(t), ν〉 =
logq |ν(t)| for each ν ∈ X
∗(T ) and t ∈ T (A). Indeed, as the natural surjection
π0(BunT ) = X∗(T ) → π1(G) = π0(BunG) is induced by the inclusion T →֒ G (see
the proof of Lemma 2.2 in A.1), it will suffice to show the corresponding statement
for G = T , hence for G = Gm, in which case it is clear.
Note that Π factors through Z(A)/Z(F ), and that the induced homomorphism
Π′ : Z(A)/Z(F ) → π1(G) has a compact kernel and a finite cokernel. Since J ⊂
Z(A)/Z(F ) is a cocompact lattice, both kernel and cokernel of the restriction of Π′
to J are therefore compact and discrete, hence finite. This implies the assertion. 
4. Local model of FBunn,ω
The goal of this section is to prove Theorem 2.20 and Corollary 2.21. Our strategy
will be to decompose locally Hecken,ω as a product Grn,ω × Bun and then to use
the fact that the Frobenius morphism has a zero differential.
Lemma 4.1. Let G0 be a G-bundle on X ×S, locally trivial in the Zariski topology,
and let π : S → BunG be the morphism, corresponding to G0.
Then the fiber product Hecken,ω×BunS (taken with respect to the projection p′ (see
Notation 2.8)) and the product Grn,ω × S are locally Zariski isomorphic fibrations
over Xn × S. Moreover, the isomorphism preserves the stratifications induced by
those of Hecken,ω and Grn,ω.
Furthermore, this local isomorphism lifts to a stratification preserving local iso-
morphism between Hecke′n,ω ×Bun S and Gr
′
n,ω × S.
Proof. Let (x′1, . . . , x
′
n; s
′) be a closed point of Xn × S. We want to find its open
neighborhood, whose inverse images in Hecken,ω ×Bun S and Grn,ω × S are isomor-
phic. We are going to prove the statement by induction on n.
Assume first that x′1 = x
′
2 = . . . = x
′
n (this condition holds automatically for
n = 1). By our assumption, there exists an open neighborhood V ⊂ X×S of (x′1, s
′)
and a trivialization ψ of the restriction of G0 over V . Consider the open subscheme
U of Xn × S, consisting of points (x1, . . . , xn; s) such that (xi, s) ∈ V for each
i = 1, . . . , n. We claim that U is a required neighborhood. Let U ′ ⊂ Hecken,ω×BunS
and U ′′ ⊂ Grn,ω×S be the inverse images of U . We are going to find an isomorphism
U ′
∼
→ U ′′ over U .
Let (G,G′; y1, . . . , yn;φ) be the pullback to U
′ of the universal object overHecken,ω.
Let V ′ ⊂ X × U ′ be the preimage of V , and let ψ′ be the trivialization of G′ over
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V ′ induced by ψ. The composition of φ and ψ′ defines a trivialization φ′ of G over
V ′ r (Γy1 ∪ . . . ∪ Γyn). As V
′ contains each Γyi ⊂ X × U
′, there exists a unique
G-bundle G˜ over X×U ′, trivial over (X×U ′)r(Γy1∪ . . .∪Γyn) such that G˜|V ′ = G|V ′
and the gluing is done by means of φ′. By the definition of the affine grassmannian,
G˜ defines the required morphism U ′ → U ′′. The construction of the inverse map
and rest of the statements is now straightforward and is therefore omitted (compare
the proof of Lemma A.8).
Assume now that x′i 6= x
′
j for some i and j; then after renumbering of indexes there
exists a positive integer k < n such that x′i 6= x
′
j for each i ≤ k < j. Using the second
statement of Lemma A.8 a), the assertion now follows by induction hypothesis. 
4.2. Proof of Theorem 2.20. Choose µ such that y ∈ FBun≤µD,n,ω. By Proposition
2.16 b) and Lemma 3.1 a), we can enlarge D (and replace y by one of its preimages)
so that Bun≤µD is a scheme. By the theorem of Drinfeld–Simpson ([DS]), there exists
a surjective e´tale morphism π : S → Bun≤µD such that the pull-back to X ×S of the
universal G-bundle on X × BunD is locally trivial in the Zariski topology.
Choose a preimage y′ ∈ FBunD,n,ω ×BunD S of y, and let y
′′ ∈ Xn × S be the
image of y′. By Lemma 4.1, y′′ has an open neighborhood U ⊂ Xn × S, whose
inverse images U ′ ⊂ Hecken,ω ×Bun S and U ′′ ⊂ Grn,ω × S are isomorphic over U .
We claim that Uy := U
′ ×HeckeD,n FBunD,n is the required e´tale neighborhood of y.
Since the natural projection Uy → FBunD,n is e´tale (since π is so), it will suffice to
show that the composition map Uy →֒ U ′
∼
→ U ′′ →֒ Grn,ω × S → Grn,ω is e´tale.
Denote by f the restriction to U ′ of the projection p : HeckeD,n → BunD from
Notation 2.8. Then if we identify U ′ and U ′′ by means of isomorphism U ′
∼
→ U ′′,
chosen above, the statement follows from Lemma 4.3 below, applied to Y := S,
Z := Bun≤µD , T := Grn,ω and W := f
−1(Bun≤µD ) (hence V = Uy).
Furthermore, by the last assertion of Lemma 4.1, Uy → Grn,ω lifts to a morphism
Uy ×FBunD,n,ω FBun
′
D,n,ω → Gr
′
n,ω, which is again e´tale by Lemma 4.3 below. 
Lemma 4.3. Let Y, Z and T be schemes locally of finite type over Fq, let W ⊂ Y ×T
be an open subscheme, let π : Y → Z be an e´tale morphism, let f : W → Z be any
morphism, and let V be given by equation
V = {(y, t) ∈W ⊂ Y × T |Frobq(f(y, t)) = π(y)}.
Assume that Z is smooth over Fq. Then the canonical map Π : V →֒ W → T is
e´tale.
Proof. Assume first that T is smooth over Fq (compare [Dr1, Prop. 3.3]). In this case
Y andW are smooth as well. Since the Frobenius morphism has a zero differential, V
inside W is locally given by dimZ equations with linearly independent differentials.
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Therefore V is smooth. Moreover, the projection Π : V → T induces an isomorphism
on tangent spaces, hence Π is e´tale, as claimed.
In the general case, we may assume that Z = Am. Indeed, as the question is local
on V , we may shrink all the schemes in question so that all of them are affine and
there exists an e´tale map φ : Z → Am. Then V is an open and closed subscheme of
the scheme
V ′ = {(y, t) ∈W ⊂ Y × T |Frobq(φ ◦ f(y, t))) = φ ◦ π(y)}.
In particular, we may replace Z, φ and f by Am, φ ◦ π and φ ◦ f , respectively.
Next choose a closed embedding of T into an affine space T˜ = Ak. Then there
exists an open affine subscheme W˜ ⊂ Y × T˜ such that W˜ ∩ (Y × T ) = W and an
extension f˜ : W˜ → Z = Am of f to W˜ . Consider
V˜ := {(y, t) ∈ W˜ ⊂ Y × T˜ |Frobq(f˜(y, t)) = π(y)}.
As T˜ is smooth, we have seen before that the natural projection Π˜ : V˜ → T˜ is e´tale.
But Π : V → T is just the restriction of Π˜ to V = Π˜−1(T ). Therefore it is also e´tale,
as claimed. 
4.4. Proof of Corollary 2.21. b) and the first statement of a) are reduced by Theo-
rem 2.20 to the corresponding questions about affine grassmannians, which will be
shown in Proposition A.9. As for the second statement of a), the “only if” part
was explained in Remark 2.13 b), while the “if” part for FBun0D,n,ω follows from
Proposition 2.16 d). Moreover, since π : FBun′D,n,ω → FBunD,n,ω induces an iso-
morphism FBun′0D,n,ω×Xn (X
nr∆)
∼
→ FBun0D,n,ω (by Proposition 2.16 e)), the “if”
part for FBun′0D,n,ω follows as well.
c) Let m be the dimension of BunD, and let F(m/2)[m] be the restriction of the
IC-sheaf of HeckeD,n,ω to FBunD,n,ω. We want to show that F is the IC-sheaf.
Since the statement clearly holds for the restriction of F to the smooth open dense
stratum FBun0D,n,ω, it remains to show that F is an irreducible perverse sheaf.
As the map from the disjoint union of the Uy’s (from Theorem 2.20) to FBunD,n,ω
is e´tale and surjective, it will suffice to show the corresponding statement for the
restriction of F to each Uy. Consider the commutative diagram,
Uy
i
−−−→ U ′
pi1−−−→ Grn,ωy pi2
y
FBunD,n,ω −−−→ HeckeD,n,ω
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constructed in the course of the proof of Theorem 2.20. As π2 is e´tale, π1 is smooth
of relative dimension m, and π1 ◦ i is e´tale, we get that
F|Uy = i
∗π∗2(ICHeckeD,n,ω(−
m
2
)[−m]) = i∗(ICU ′(−
m
2
)[−m]) = i∗π∗1(ICGrn,ω) = ICUy ,
as claimed.
The last assertion follows immediately from the corresponding statement for
Hecken,ω shown in Proposition A.13 and the observation that the difference
dimFBunD,n,ω − n = 2〈
∑n
i=1 ωi, ρ〉 is even.
Finally, the assertion for FBun′D,n,ω follows from the (proof of) the corresponding
assertion of Theorem 2.20 by precisely the same argument.
d) By Proposition 2.16 e), π : FBun′D,n,ω → FBunD,n,ω is projective and induces
an isomorphism FBun′0D,n,ω ×Xn (X
n r ∆)
∼
→ FBun0D,n,ω. Hence the surjectivity
statement follows from a). Finally, by Theorem 2.20 and Lemma 4.1, the smallness
of π is equivalent to the smallness of the forgetful morphism Hecke′n,ω → Hecken,ω,
which will be shown in Lemma A.12. 
5. Reducible F -bundles
In order to prove Theorem 2.25, we first need some preparations. Fix a G-bundle
G over a smooth connected projective curve X over an algebraically closed field k.
Equip the set of all B-structures of G with a following partial order: we say that
B′ ≤ B′′ if deg(B′λ) ≤ deg(B
′′
λ) for each dominant (or equivalently quasi-fundamental)
weight λ of G.
Lemma 5.1. a) For every B-structure B of G there exists a B-structure B′ such
that B ≤ B′ and B′ is maximal with respect to the above order.
b) Let B be a B-structure of G, which is maximal with respect to the above order,
and let P be any maximal parabolic structure of G, corresponding to a certain simple
root α of G with the corresponding quasi-fundamental weight λ. Then either P
contains B, or deg(Pλ) ≤ deg(Bλ)− deg(Bα)〈λ, α〉+ 4g〈ρ, λ〉.
Remark 5.2. The inequality is very far from being optimal.
Let us first show how Lemma 5.1 implies Theorem 2.25.
5.3. Proof Theorem 2.25. Let (G; x1, . . . , xn;φ) be any geometric point of the com-
plement FBunn,ω r FBun
≤d(ω)ρ
n,ω . Then there exists a B-structure B of G and a
dominant weight λ′ of G such that deg(Bλ′) > 〈d(ω)ρ, λ′〉. By Lemma 5.1 a), we
may assume that B is maximal with respect to the above order. Hence there exists
a simple root α of G such that deg(Bα) > 〈d(ω)ρ, α〉 = d(ω). Let P ⊃ B be the
maximal parabolic structure of G, corresponding to α. We want to show that φ
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induces a rational isomorphism between P and τP. Clearly, φ−1 induces a rational
isomorphism between τP and a certain parabolic structure P ′ of G, so it remains to
show that P ′ contains B.
Let λ be the quasi-fundamental weight of G, corresponding to α. By Lemma A.2,
P and P ′ define line subbundles L and L′ of Gλ, respectively, satisfying Plu¨cker
relations. As L ∼= Bλ and L′ ∼= P ′λ, the statement will follow from Lemma 5.1
applied to P ′ if we check that deg(L′) ≥ deg(L)− d(ω)〈λ, α〉+ 4g〈ρ, λ〉.
By Remark 2.5 c), φ−1(τGλ) is contained in Gλ(
∑n
k=1〈ωk,−w0(λ)〉xi). Therefore
φ−1(τL) ⊂ L′(
∑n
k=1〈ωk,−w0(λ)〉xi). It follows that
deg(L′) ≥ deg(L)− 〈
n∑
k=1
ωk,−w0(λ)〉;
thus it remains to check that 〈
∑n
k=1 ωk,−w0(λ)〉 ≤ d(ω)〈λ, α〉 − 4g〈ρ, λ〉. Since
−w0(λ) is the quasi-fundamental weight of G corresponding to the simple root
−w0(α), the statement follows from the definition of d(ω) and the equality 〈ρ, λ〉 =
〈−w0(ρ), λ〉 = 〈ρ,−w0(λ)〉. 
5.4. Proof of Lemma 5.1. a) It will suffice to show that for each quasi-fundamental
weight λ of G, the set {deg(Bλ)}B is bounded from above. Since every Bλ is canon-
ically a line subbundle of Gλ, the statement follows.
b) Let B be any maximal B-structure of G. First we claim that deg(Bβ) ≥ −2g
for every simple root β of G. Assume first that G = GL2. In this case, our claim
asserts that every rank two vector bundle E contains a line subbundle of degree
at least 1
2
deg(E) − g, so it follows immediately from the Riemann–Roch theorem.
The general case reduces to that of GL2. Indeed, fix any β. Let Pβ ⊃ B be the
parabolic subgroup G such that β is the only simple root of its Levi subgroup, and
let R(Pβ) be the radical of Pβ . Consider Borel structure B′ := R(Pβ)\B of the
Pβ/R(Pβ)-bundle R(Pβ)\[Pβ ×B B]. Then deg(B′β) = deg(Bβ), and B
′ is maximal.
[If not, then there exists a Borel structure B′0 larger than B
′. Hence the preimage
of B′0 in Pβ ×B B would give us a B-structure of G, larger than B, contradicting
the maximality of B]. Since Pβ/R(Pβ) ∼= PGL2, we are thus reduced to the case of
PGL2, hence to that of GL2, as claimed.
Now we are ready to prove the assertion. Observe first that we can replace G
by Gsc and λ by the corresponding fundamental weight. By Lemma A.2, B and P
define line subbundles L and L′ of Gλ, respectively, and we have to show that either
L′ = L or deg(L′) ≤ deg(L) − deg(Bα) + 4g〈ρ, λ〉. For this we will show that the
latter inequality holds for every line subbundle L′ 6= L of Gλ. Fix any B-invariant
complete flag 0 = V0 ⊂ V1 ⊂ . . . ⊂ VM = Vλ of Vλ. Then B defines a complete
flag 0 = E0 ⊂ E1 . . . ⊂ EM = Gλ of Gλ with Ei = B\[B × Vi]. By construction,
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each quotient Ei/Ei−1 is isomorphic to Bλi , where λi is the weight of Vi/Vi−1. In
particular, E1 ∼= L.
For each line subbundle L′ 6= L, let i ≥ 2 be the smallest integer such that L′
is contained in Ei. Then L
′ embeds into some Ei/Ei−1 ∼= Bλi , so it will suffice to
show that deg(Bλ′) ≤ deg(Bλ)−deg(Bα)+ 4g〈ρ, λ〉 for every weight λ′ 6= λ of Vλ or,
equivalently, that deg(Bλ−λ′−α) ≥ −4g〈ρ, λ〉. But λ− λ′−α is of the form
∑
β nββ,
where β runs over the set of all simple roots of G and each nβ is non-negative. Since
deg(Bβ) ≥ −2g for each β, it remains to show that
∑
β nβ ≤ 2〈ρ, λ〉. As∑
β
nβ = 〈λ− λ
′ − α, ρ〉 < 〈λ− λ′, ρ〉 ≤ 〈λ− w0(λ), ρ〉 = 〈λ, ρ− w0(ρ)〉 = 2〈ρ, λ〉,
we get the assertion. 
To formulate a more precise version of Proposition 2.30, we will need the following
result.
Claim 5.5. Fiber product FBunP,D,n ×Xn (Xn r ∆) naturally decomposes as a
disjoint union of open and closed substacks FBun
d;k¯;[g]
P,D,n, indexed by triples (d; k¯; [g]),
where d is an integer, k¯ is an n-tuple of integers with zero sum, and [g] is an element
of G(OD)/P (OD).
Proof. Let G be the universal G-bundle on X × FBunP,n, and let λ be the quasi-
fundamental weight of G corresponding to P . By Lemma A.2, the universal P -
bundle on FBunP,n defines a line subbundle L ⊂ Gλ, satisfying Plu¨cker relations
and such that the rational isomorphism φλ between Gλ and τGλ induces that between
L and τL.
Now we claim that for each pair (d, k¯) as in the assertion, there exist an open
and closed substack FBund;k¯P,n of FBunP,n ×Xn (X
n r ∆) consisting of geometric
points s such that deg(Ls) = d and
τLs = φ(Ls)(
∑n
i=1 kixi). The first condition
is clearly open and closed. For the second, consider the unique line bundle Li on
X× [FBunP,n×Xn (Xnr∆)], whose restriction to the complement of Γxi is
τL and
whose restriction to the complement of ∪j 6=iΓxj is φ(L). Since the second condition
is equivalent to deg(Li)s − deg(Ls) = ki for each i, it is open and closed as well.
Finally, observe that the map (G,P, ψ, ...) 7→ ψ(P|D×S) defines a morphism from
FBunP,D,n to the stack classifying Frobenius-equivalent PD-structures of the trivial
GD-structure. As the latter stack is isomorphic to the discrete stack G(OD)/P (OD)
(compare Lemma 3.3), we get the required decomposition by the [g]’s. 
Remark 5.6. Passing to the limit over D’s, we get a decomposition of FBunP,∗,n
indexed by the triples as above but with [g]’s belonging to G(O)/P (O), where O is
the ring of integral adeles of F .
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Proposition 5.7. For each triple (d; k¯; [g]) as in Claim 5.5, the restriction of the
projection Π : FBun
d;k¯;[g]
P,D,n → FBunD,n to the generic fiber over X
n is finite and
unramified. Furthermore, each projection FBun
d;k¯;[g]
P,∗,n → FBun∗,n is a closed embed-
ding. In particular, every orispheric substack of FBun∗,n is closed.
Proof. As G(O) acts transitively on the set of [g]’s, we may and will assume that
[g] = [1]. Since Plu¨cker relations are closed, Lemma A.2 implies that it is enough
to show the statement in the case G = GLm and P is the maximal parabolic
corresponding to the standard representation. Also the statement is clearly local on
the base, and the first assertion is independent of D (by Proposition 2.16 b)). Thus
it will suffice to check that for each quasi-compact open substack V of BunGLm ,
each sufficiently large D and each sufficiently small open subscheme U ⊂ Xn (both
depending on V ), the restriction of Π to the preimage of V ×U ⊂ BunGLm ×X
n is
a closed embedding.
Given V , let l1 and l2 be two integers such that for every geometric point of V ,
the corresponding vector bundle does not have line (resp. rank two) subbundles
of degree greater than l1 (resp. l2). Let D ⊂ X be a finite subscheme such that
|D| > max{l1 − d, l2 − 2d} and D contains all points of X of degree ≤ (l1 − d) over
Fq. Finally let U ⊂ Xn be an open subscheme such that each (x1, . . . , xn) ∈ U
satisfies xi 6= τ
r
xj for each i, j and each r = 1, . . . , l1 − d. Denote the preimages of
V × U ⊂ BunGLm ×X
n in FBunD,n and FBun
d;k¯;[g]
P,D,n by A and B, respectively, and
we going to check that the projection B → A is a closed embedding.
Consider the natural morphism ν : B → FBund
GL1,D,n,k¯
×(XrD)nA, where the first
projection B → FBund
GL1,D,n,k¯
was defined during the proof of Claim 5.5. Note that
FBund
GL1,D,n,k¯
×(XrD)n A classifies pairs consisting of a line bundle L and a rank m
vector bundle E on X ×S, equipped with D-level structures and F -structures (that
is, rational isomorphisms from L and E to τL and τE , respectively). The fiber of
ν over (L, E) classifies embeddings of vector bundles η : L →֒ E , commuting with
F -structures and preserving D-level structures. In particular, this means that the
D-level structure of E induces an isomorphism between L|D×S and the first summand
of OnD×S. (Here we use the assumption that [g] = 1).
Consider first an a priori slightly bigger stack B′ equipped with a morphism
ν ′ : B′ → FBund
GL1,D,n,k¯
×(XrD)n A, whose fibers classify the same data as ν, but
η(L) is just a subsheaf of E and not necessary a subbundle. As |D| > l1 − d,
our choice of l1 implies that such an η is at most unique, therefore ν
′ is a closed
embedding. Since FBund
GL1,D,n,k¯
is finite and e´tale over (X rD)n, this shows that
B′ is finite and unramified over A.
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Next we will show that an open embedding B →֒ B′ is actually an isomorphism.
Assuming the contrary, there exists an Fq-point of B′ such that the corresponding L
is not a subbundle of E (here we identify L with η(L)). Let L′ be the line subbundle
of E , containing L. Then L′ = L(D′) for certain finite non-empty subscheme D′ of
X ⊗Fq Fq. As E ∈ A(Fq), we get |D
′| ≤ l1 − d. Also we know that φ induces an
isomorphism between restrictions of L′ and τL′ to X ⊗Fq Fq − {x1, . . . , xn}. Hence
there exist integers r1, . . . , rn such that the divisor
τ (D′)−D′ is equal to
∑n
i=1 rixi.
As η preserves D-level structures, D′ is disjoint from D. Hence each point of
D′ has a degree at least l1 − d + 1 over Fq. Then for each y ∈ D′, all points
y, τy, . . . , τ
l−d
y are distinct. Since |D′| ≤ l1 − d, we thus get that τ (D′) 6= D′.
Choose a point y ∈ D′, which does not lie in τ (D′). Let r be the smallest positive
integer such that τ
r
y /∈ D′. Then r ≤ l1− d and τ
r−1
y ∈ D′, hence τ
r
y ∈ τ (D′)rD′.
Then the equality τ (D′) − D′ =
∑n
i=1 rixi implies that both y and
τry belong to
{x1, . . . , xn}, contradicting our assumption.
It remains to show that the projection B → A is injective. If not, then there
exists a geometric point of A and two different degree d line subbundles L1 and L2
of the corresponding vector bundle E , whose restrictions to D coincide. Let E˜ be
the rank two subbundle of E , generated by L1 and L2. Then we get a contradiction
deg E˜ ≥ degL1 + degL2 + |D| = 2d+ |D| > l2. 
6. Cuspidal part of the cohomology
Notation 6.1. a) Let L/Fq be a finitely generated field extension. We will say that
a Gal(L/L)-module F/Ql is mixed of weight ≤ i (resp. pure of weight i) if there is a
scheme of finite type Z/Fq with Fq(Z) = L such that F is the restriction of a mixed
of weight ≤ i (resp. pure of weight i) Ql-sheaf on Z. In particular, if F is a mixed
module of weight ≤ i, it has a finite weight filtration 0 = Fj ⊂ Fj+1 ⊂ . . . ⊂ Fi = F
such that each graded piece grk(F) := Fk/Fk−1 is pure of weight i.
b) Let Y/L be a scheme of finite type, and let F be an object of Db(Y,Ql). We
will say that F is a mixed complex of weight ≤ 0 if there is a morphism π : Y˜ → Z
of schemes of finite type over Fq such that Fq(Z) = L, Y is the generic fiber of π,
and F is the restriction of a mixed complex on Y˜ of weight ≤ 0.
c) Combining Deligne’s theorem ([De, 6.2.3]) with proper base change theorem,
we obtain that if F is a mixed complex on Y of weight ≤ 0, then each H ic(Y,F)
is a mixed Gal(L/L)-module of weight ≤ i. We denote by H ic,pure(Y,F) the corre-
sponding graded piece gri(H
i
c(Y,F)) and will call it pure cohomology with compact
support.
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Remark 6.2. Let Y be as in Notation 6.1, and let F be a mixed complex on Y of
weight ≤ 0.
a) If f : Y ′ → Y is a morphism of schemes of finite type over L, then f ∗(F) is
mixed of weight ≤ 0. Therefore pure cohomology H ic,pure(Y
′, f ∗(F)) is defined.
b) Every open embedding U →֒ Y induces an embedding H ic,pure(U,F|U) →֒
H ic,pure(Y,F). Indeed, the kernel of the canonical map H
i
c(U,F|U) → H
i
c(Y,F) is
a quotient of H i−1c (Y rU,F|YrU), hence by Deligne’s theorem, it is mixed of weight
≤ (i− 1).
c) Every proper morphism f : Y ′ → Y induces a morphism
f ∗pure : H
i
c,pure(Y,F)→ H
i
c,pure(Y
′, f ∗(F)).
In particular, we have a restriction map H ic,pure(Y,F) → H
i
c,pure(Y
′,F|Y ′) for each
closed subscheme Y ′ of Y . Moreover, an argument, similar to b) shows that if
Y1, . . . , Yk are the set of all irreducible components of Y , then the natural restriction
map H ic,pure(Y,F)→
⊕k
j=1H
i
c,pure(Yj,F|Yj) is an embedding.
d) If Y/L is proper, then H ic(Y, ICY ) = H
i(Y, ICY ) is pure of weight i, and thus
H ic,pure(Y, ICY ) = H
i
c(Y, ICY ). More generally, if Y is an open subscheme of a proper
scheme Y ′/L, then by b), H ic,pure(Y, ICY ) is the image of the natural morphism
H ic(Y, ICY )→ H
i(Y ′, ICY ′).
Notation 6.3. Let a Deligne–Mumford stack Y be the quotient of a quasi-projective
scheme X by a finite group G, let Z be the quotient X by G in the category of
schemes, and let q : Y → Z be the natural map. Following [La2, App. A] we define
H ic(Y,F) to be H
i
c(Z, q∗(F)) for every F ∈ D
b(Y,Ql).
Remark 6.4. In the notation of 6.3, we have
a) q∗(ICY ) = ICZ (compare [La2, proof of Prop. A.5] and c) below), therefore
H ic(Y, ICY ) = H
i
c(Z, ICZ);
b) If F is a mixed complex on Y of weight ≤ 0, then q∗(F) is mixed of weight
≤ 0 as well, so we can define H ic,pure(Y,F) := H
i
c,pure(Z, q∗(F)) which automatically
satisfies all the properties of Remark 6.2;
c) H ic(Y, ICY ) = H
i
c(X, ICX)
G. Indeed, let π : X → Z be the quotient map.
Then π is finite, thus π∗(ICX) is a perverse sheaf, and ICZ = π∗(ICX)
G. Since
H ic(X, ICX) = H
i
c(Z, π∗(ICX)), the statement follows from the fact that any additive
functor (e.g., H ic(Z, ·)) between Q-linear abelian categories commutes with taking
invariants with respect to a finite group.
6.5. Proof of Proposition 2.34. a) First we will show that the space H icusp is con-
tained in H
i,d(ω)ρ
pure . Let h be any element of H ipurerH
i,d(ω)ρ
pure . Choose sufficiently large
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µ and D such that h belongs to H i,µpure,D r H
i,d(ω)ρ
pure,D . Hence h does not vanish on
J\[FBun≤µD,n,ω r FBun
≤d(ω)ρ
D,n,ω ]. By Remark 6.2 c), h therefore does not vanish on
a certain irreducible component C0 of J\[FBun≤µD,n,ω r FBun
≤d(ω)ρ
D,n,ω ]. By Remark
6.2 b), h then does not vanish on the closure C of C0 in J\FBunD,n,ω. As C is an
orispheric substack (use Theorem 2.25 and Proposition 5.7), we see that h /∈ H icusp.
This shows that H icusp ⊂ H
i,d(ω)ρ
pure .
As the set of orispheric substacks is G(A)-invariant, H icusp is a G(A)-invariant
subspace of H ipure. Therefore H
i
cusp is contained in ∩g∈G(A)g(H
i,d(ω)ρ
pure ), hence in
∩g∈G(A)g(H i,µpure) for each µ ≥ d(ω)ρ.
Conversely, assume that some h ∈ H ipure does not lie in H
i
cusp. Then the restriction
of h to some orispheric substack C ⊂ J\FBun∗,n,ω is non-trivial. Let s be the
geometric generic point of C. It remains to show that for every µ there exists
g ∈ G(A) such that g(s) /∈ J\FBun≤µ∗,n,ω. Indeed, this would imply that g(C) ∩
J\FBun≤µ∗,n,ω = ∅, hence g
−1(h) /∈ H i,µpure, thus h /∈ g(H
i,µ
pure), as claimed.
By Proposition 5.7, s can be considered as a geometric point of FBunP,∗,n for
certain maximal parabolic P of G. Moreover, replacing s by its G(O)-translate, we
may assume that it lies in FBun
d,k¯,[g]
P,∗,n with g = 1. Let λ be the quasi-fundamental
weight of G corresponding to P . If for each g ∈ P (A) we denote by Pg the fiber at
g(s) of the universal P -bundle, then deg(Pg)λ = deg(P1)λ+logq |λ(g)|. In particular,
g(s) does not belong to J\FBun≤µ∗,n,ω if |λ(g)| is sufficiently large.
b) Let U ⊂ G(O) ⊂ G(A) be any compact open subgroup. By a), the space of
invariants (H icusp)
U is contained in (H
i,d(ω)ρ
pure )U . By Remark 6.4 c), the latter space
is contained in some H
i,d(ω)ρ
pure,D . Since this space is clearly finite dimensional, the
statement follows. 
7. Drinfeld–Lafforgue case
Proof of Theorem 2.37. During the proof we will use Drinfeld’s notation FShr in-
stead of the generic fiber of FBunGLr . Since FShr is smooth of relative dimension
2(r − 1) over F (2), we have H0c (FShr, IC) = H
2(r−1)
c (FShr,Ql(r − 1)).
Notation 7.1. Following Lafforgue ([La2]), we will say that a representation V
of ΓF (2) is r-negligible if each irreducible subquotient V
′ of V is isomorphic to a
subquotient of the exterior product V ′1 ⊠V
′
2 of (ΓF )
2 (composed with the projection
ΓF (2) → (ΓF )
2) for some representations V ′1 and V
′
2 of ΓF of dimensions strictly less
than r.
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Lemma 7.2. For each d(ω)ρ ≤ µ ≤ µ′ and each D, the quotient H0,µ
′
pure,D/H
0,µ
pure,D is
r-negligible.
Remark 7.3. a) Lafforgue proved this assertion under the assumption that µ is
sufficiently large as a function of D (see [La2, Cor. VI. 21]).
b) Though Lafforgue [La2] and Drinfeld [Dr2] worked only in the case when J ⊂
A× is a cyclic group generated by an element of degree one, the general case applies
without any changes.
First we will show the theorem, assuming the lemma.
a) Lemma 7.2 implies that H0pure/H
0,d(ω)ρ
pure is r-negligible. By Proposition 2.34 a),
H0pure/H
0
cusp is a subrepresentation of
⊕
g∈G(A)H
0
pure/g(H
0,d(ω)ρ
pure ). Since the latter
space is isomorphic as a ΓF (2)-representation to the direct sum of G(A) copies of
H0pure/H
0,d(ω)ρ
pure , we get that H0pure/H
0
cusp is r-negligible as well.
By (one of) the Main result(s) of Lafforgue (see [La2, Lem. IV. 25 and Thm.
VI. 27]), there exists an exhausting G(A)× ΓF (2)-invariant filtration 0 = V˜0 ⊂ V˜1 ⊂
V˜2 ⊂ . . . ⊂ H0 such that each quotient V˜2i+1/V˜2i is r-negligible, and
⊕
j V˜2j/V˜2j−1 is
isomorphic to
⊕
pi(π ⊠ ρpi ⊠ ρˇpi) (compare Remark 7.3 b)). Actually Lafforgue has
shown that the last isomorphism holds after semi-simplification. However, it was ob-
served by Drinfeld that there are no non-trivial extensions between non-isomorphic
cuspidal representations π1 and π2 of GLr(A), therefore the former representation
is automatically semi-simple. (Indeed, choose a compact and open subgroup U of
GLr(A) such that (π1)
U 6= 0 and (π2)
U 6= 0. It remains to show that there are no
non-trivial extensions between (π1)
U and (π2)
U as representations of the Hecke al-
gebra HU := H(GLr(A), U). Since the center of HU contains H(GLr(Fv), GLr(Ov))
for almost all points v ofX, the strong multiplicity one theorem for GLr implies that
(π1)
U and (π2)
U has non-equal central characters of HU . This implies the assertion).
Since we know that ρpi⊠ρˇpi is pure (Ramanujan conjecture [La2, Thm. VI.10]) and
that H0pure/H
0
cusp is r-negligible, the induced filtration of H
0
cusp satisfies the required
property. (By an induced filtration we mean the filtration {Vj}j such that each Vj
is the intersection of H0cusp with the image of V˜j in H
0
pure.)
b) In the case r = 2, Drinfeld ([Dr2]) constructed a compactification J\FSh≤µ2,D
of each J\FSh≤µ2,D with µ sufficiently large (which is the coarse moduli space of the
compactification considered by Lafforgue [La2, III]). Moreover, for each µ1 ≤ µ2
and D1 ⊂ D2, there exists a canonical morphism J\FSh
≤µ2
2,D2
→ J\FSh≤µ12,D1, and
the inverse limit J\FSh2 of the J\FSh
≤µ
D ’s is equipped with an action of the adelic
group G(A).
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Though compactifications J\FSh≤µ2,D are not smooth, their middle cohomology
H2(J\FSh≤µ2,D,Ql(1)) is pure of weight zero and satisfies Poincare´ duality. As
a result, their direct limit H2(J\FSh2,Ql(1)) is equipped with a non-degenerate
pairing. Furthermore, Drinfeld’s main result says that the orthogonal complement
HDrin ⊂ H
2(J\FSh2,Ql(1)) of the set of all Chern classes of orispheric curves is
isomorphic to the direct sum
⊕
pi(π⊠ρpi⊠ρˇpi). By the Poincare´ duality, HDrin can be
described as a set of all elements of H2(J\FSh2,Ql(1)), vanishing on all orispheric
curves.
Since H2(J\FSh2,Ql(1)) is pure of weight zero, we get a canonical embedding
H0cusp →֒ H
2(J\FSh2,Ql(1)), which therefore induces an embeddingH0cusp →֒ HDrin.
Combining this with the result of a), we thus conclude that H0cusp = HDrin. 
7.4. Proof of Lemma 7.2. By Remark 6.2, c), it suffices to check that H
2(r−1)
c,pure (S,Ql)
is r-negligible for every irreducible component S of J\[FSh≤µ
′
r,D r FSh
≤µ
r,D]. Our
strategy will be to reduce the statement to the case, where S is an Ar−m-bundle
over an open substack FSh′m,D of FShm,D for certain m < r. Indeed, in this
case H
2(r−1)
c,pure (S,Ql) ∼= H
2(m−1)
c,pure (FSh′m,D,Ql) would be isomorphic to a subspace of
H
2(m−1)
c,pure (FShm,D,Ql) (use Remark 6.2 b)). Hence by [La2, Prop. VI.15] it is (m+1)-
negligible, hence r-negligible.
By Theorem 2.25 and Proposition 5.7, S is an open substack of an orispheric
substack. Let P be the parabolic subgroup of G, corresponding to S. Since the
statement for large D’s implies that for small ones, we may increase D during the
proof. Hence using Proposition 5.7 and Remark 6.2 b), we may replace S by the
generic fiber of FShr,P,D. In other words it will suffice to show the statement for
(each connected component of the) stack S classifying pairs consisting of an F -sheaf
of rank r with D-level structure (E , ψ; x1, x2;φ) and a subbundle A of E of rank m
(determined by P ) such that φ(A) ⊂ τA(x1) and D-level structure ψ maps A|D into
the first m-coordinates.
Applying if necessary transformation sending an F -sheaf to its dual, we may
assume that S classifies pairs for which B := E/A is a pullback of a vector bundle
over X, and φ induces a canonical isomorphism B
∼
→ τB. Thus we can replace
S with its open and closed substack, over which both the quotient B = E/A and
its induced D-level structure are constant. Moreover, we may fix a coweight ν of
SLm and an integer d and to replace S by its open substack such that A belongs
to FSh≤ν;dm,D . Enlarging |D|, we may assume that Hom(B,A
′(−D)) = 0 for each
(τA →֒ A′ ←֓ A) ∈ FSh≤ν;dm .
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Choose a complete flag of subbundles 0 = B0 ⊂ B1 ⊂ . . . ⊂ Bk−m−1 ⊂ Bk−m = B
defined over Fq, and put M := d− 2g+1−|D| −maxj deg(Bj/Bj−1). By induction,
we may assume the statement for smaller m’s (the assumption is vacuously true
for m = 1), and thus to replace S by an open substack S ′ characterized by the
condition that A does not have F -subsheaves of rank (m − 1) and degree larger
than M . We claim that the natural forgetful map π : S ′ → FSh≤ν;dm,D is smooth, and
all its non-empty fibers are isomorphic to Ar−m.
As the smoothness statement was shown in [La1, II, Thm. 11] (and easily follows
from our arguments below), it remains to show the statement about fibers. Denote
the image of π by FSh′m,D, and let s be any geometric point of FSh
′
m,D. We
claim that the fiber π−1(s) is canonically isomorphic to the space of extensions
E˜ ∈ Ext(B,As(−D)) whose image in Ext(B,A′s(−D)), induced by the embedding
As →֒ A
′
s, coincides with the image of
τ E˜ ∈ Ext(B, τAs(−D)), induced by the
embedding τAs →֒ A′s. Indeed, given (Es, ψ) in π
−1(s) we can get E˜ as the kernel of
the composition of the projection Es → Es|D, the level structure ψ, and the projection
to the first m factors. Conversely, given E˜ , we can define Es as (E˜ ⊕ As)/As(−D),
and the first m (resp. the last r−m) coordinates of ψ to be the composition of the
projection Es → As/As(−D) = As|D (resp. Es → E˜|D → B|D) and D-level structure
of A (resp. B).
Put U := Ext(B,As(−D)) and V := Ext(B,A′s(−D)). Then embeddings As →֒
A′s and
τAs →֒ A′s define a linear homomorphism λ : U → V and a τ -linear
homomorphism ψ : U → V , respectively. As A′/A is supported at one point, λ is
surjective, and our assumption Hom(B,A′s(−D)) = 0 implies that its kernel is of
dimension rk(B) = k −m. As π−1(s) is isomorphic to Ker(λ − ψ), [La1, II, Lem.
18 iii)] and its proof (compare [Dr1, §4, Lem. 1]) implies that in order to show the
statement, it remains to check that there is no linear functional L on V such that
L(ψ(u)) = L(λ(u))q for each u ∈ U .
Assume that such an L exist. By Serre duality, Vˇ ∼= H0(X,KX ⊗B ⊗ Aˇ′(D)), so
L defines a non-trivial φ-equivariant section of KX ⊗B ⊗ Aˇ(D). Hence the exists j
such that L defines a non-trivial φ-equivariant section of KX ⊗ (Bj/Bj−1)⊗ Aˇ(D),
thus a non-trivial φ-equivariant morphism A → KX ⊗ (Bj/Bj−1)(D). Its kernel is a
F -subsheaf of A′ rank l−1 and degree at least d−(2g−2)−deg(Bj/Bj−1)−|D| > M ,
contradicting our definition of S ′. This completes the proof of the claim, which (as
it was observed in the beginning of the proof) implies the lemma. 
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Appendix A.
In the appendix we give proofs (or sketches of proofs) of basic properties of G-
bundles, affine grassmannians and the stacks of Hecke, used in the paper. Though at
least some of these facts are considered well known among experts, we were not able
to find any reference in the literature, so we sketch the argument for completeness.
A.1. Proof of Lemma 2.2. In the case G = Gm, the required isomorphism between
π0(BunGm) = π0(Pic) and X∗(Gm) = Z is given by the degree map. This implies
the statement in the case of torus. In general, the embedding T →֒ G defines a
surjective map π : X∗(T ) = π0(BunT ) → π0(BunG) (see [DS, App.]). Moreover,
using standard reduction to the GL2-case (see [DS, App.], where the semi-simple
simply-connected case is treated, and compare the proof of Proposition A.9 b)), we
get that π factors through π1(G). Thus it remains to show the injectivity of the
resulting canonical map πG : π1(G)→ π0(BunG).
When Gder is simply connected, the injectivity of πG follows from the fact that the
composition map π1(G) → π0(BunG) → π0(BunGab) = π1(G
ab) is an isomorphism.
For a general G, choose a central extension ν : H → G such that Hder is simply-
connected, and S := Ker(ν) is a split torus (see [MS, Prop. 3.1]). Then we have
the following commutative diagram, induced by ν:
π1(H)
piH−−−→ π0(BunH)
pi1(ν)
y pi0(ν)
y
π1(G)
piG−−−→ π0(BunG)
As BunS acts transitively on all geometric fibres of the projection BunH → BunG,
π0(BunS) = π1(S) acts transitively on all fibers of π0(ν). Since πH is injective and
π1(S)-equivariant, and since π1(G) = π1(S)\π1(H), the injectivity of πG follows. 
Lemma A.2. Let P be a parabolic subgroup of G, and let G be a G-bundle over a
scheme S. Then there exists a canonical bijection between:
(i) P -structures of G;
(ii) families of line subbundles {Aλ ⊂ Gλ}λ (indexed by characters of P which are
dominant weights of G) such that Aλ1+λ2 = Aλ1 ⊗Aλ2 (considered as subbundles of
Gλ1+λ2 ⊂ Gλ1 ⊗ Gλ2) for each λ1 and λ2;
(iii) families of line subbundles {Aλi ⊂ Gλi}i (indexed by characters of P which are
quasi-fundamental weights of Gad) satisfying the Plu¨cker relations: for each tuple of
non-negative integers {ki}i, the line subbundle ⊗i(Aλi)
ki ⊂ ⊗i(Gλi)
⊗ki is contained
in G∑
i kiλi
.
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Proof. (i) =⇒ (ii). Let P be a P -structure of G. If a dominant weight λ of G is a
character of P , then the highest weight line lλ of Vλ is a P -subrepresentation of Vλ.
Moreover, line subbundles Aλ := P\[P × lλ] ⊂ P\[P × Vλ] = Gλ satisfy (ii).
(ii) =⇒ (iii) is clear.
(iii) =⇒ (i). Suppose that we are given a family {Aλi ⊂ Gλi}i, satisfying the
Plu¨cker relations. We claim that this family defines a canonical P -structure of G or
what is the same a canonical section of the fibration P\G → S. By the uniqueness
assertion, the statement is local in the e´tale topology on S, so we may assume that
G is trivial. Hence P\G ∼= (P\G)×S, thus we want to construct an S-point of P\G.
We have a canonical embedding P\G →֒
∏
i P(Vλi). Each Aλi ⊂ Gλi corresponds to
an S-point of P(Vλi), and the fact that the {Aλi ⊂ Gλi}i satisfy the Plu¨cker relations
means precisely that the corresponding S-point of the product
∏
i P(Vλi) defines an
S-point of P\G. 
Lemma A.3. Bun≤µG is an open substack of BunG.
Proof. As any dominant weight of Gad is a linear combination of quasi-fundamental
weights with rational non-negative coefficients, it is enough to check the condition
deg(Bs)λ ≤ 〈µ, λ〉 only when λ is a quasi-fundamental weight. Since the number of
quasi-fundamental weights is finite, it remains to check the openness of this condition
for a given quasi-fundamental weight λi.
Let Pi ⊃ B be the maximal parabolic subgroup corresponding to λi; then (Bs)λi
depends only on Pi×BBs. By Lemma A.2, condition deg(Bs)λi ≤ 〈µ, λi〉 is equivalent
to the assertion that (Gs)λi has no line subsheaves of degree 〈µ, λi〉 + 1, satisfying
Plu¨cker relations. Since Plu¨cker relations are closed, and since line subsheaves of
given degree of a given vector bundle are represented by a projective scheme, our
condition deg(Bs)λi ≤ 〈µ, λi〉 is therefore open, as claimed. 
A.4. Proof of Lemma 3.1. a) First we consider the case of G = GLn. Fix an ample
line bundle O(1) an X. Then given µ, there exists m ∈ N such that for every S/Fq
and every E ∈ Bun≤µ(S), we have:
i) the direct image pr∗(E(m)) is a vector bundle on S,
ii) R1 pr∗(E(m)) = 0, and
iii) E is a quotient of pr∗[pr∗(E(m))](−m).
Next given (µ and) m, we get that pr∗(E(m)) is a subbundle of pr∗(E(m)|D×S)
∼
→
pr∗(O
n
|D×S) for each |D| sufficiently large, where the last isomorphism is induced by
the D-level structure. Thus the functor (E , ψ) 7→ (pr∗(E(m)), E) embeds Bun
≤µ;ν
D
into a quasi-projective scheme classifying pairs consisting of a subbundle H of
pr∗(On|D×S) of given rank, and a locally free quotient of [pr
∗H](−m) of rank n and
degree ν. This implies the representability of our functor in the GLn-case.
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For the general case, we can proceed as in ([Be1, Sec.4]): Choose an embedding of
G into GLn. Since Bun
≤µ;ν
G is quasi-compact, the map G 7→ GLn×GG maps Bun
≤µ;ν
G,D
into some Bun≤µ
′;ν′
GLn,D
. Next, using the fact that G is reductive and, therefore, GLn/G
is affine, we conclude that the induced map Bun≤µ;νG,D → Bun
≤µ′;ν′
GLn,D
is affine, implying
the representability assertion. Finally, since coherent sheaves on curves have no
second cohomology, the smoothness assertion follows from deformation theory.
b) First, we claim that there exists a faithful representation V of G, which is a
direct sum of Weyl modules. Indeed, our claim is equivalent to the assertion that
the intersection of kernels of all Weyl modules is trivial. As G is reductive, this
intersection is obviously central, so it is contained in the maximal torus T of G. But
dominant weights of G generate the group of all characters of T , so their kernels
have a trivial intersection, as claimed.
Now our strategy will be very similar to that of [Ga, A.5], where the corresponding
statement for Grω, defined below, is shown. Choose N ∈ N such that −N ≤
〈ωi, λ〉 ≤ N for each i = 1, . . . , n and each weight λ of V . Consider a substack
Hecke′ of Hecken, consisting of tuples (G,G′; x1, . . . , xn;φ) ∈ Hecken satisfying
i) G′V (−N(
∑n
i=1 Γxi)) ⊂ φ(GV ) ⊂ G
′
V (N(
∑n
i=1 Γxi)) and
ii) det(GV ) = det(G′V )(
∑n
i=1〈det(V ), ωi〉Γxi).
Then Hecken,ω is a closed substack of Hecke
′ (use Remark 2.5 c)), so it remains to
show the representability and projectivity of Hecke′ → Bun×Xn.
Consider another stack Hecke′′ classifying data (E ,G′; x1, . . . , xn;φ), where
(G′; x1, . . . , xn) ∈ (Bun×Xn)(S), E is a vector bundle over X×S of rank dimV , and
φ is an isomorphism between the restrictions of E and G′V to (X×S)r(Γx1∪. . .∪Γxn)
satisfying conditions i) and ii) as above with GV replaced by E . Then Hecke′′ is rep-
resented by a closed substack of a relative grassmannian over Bun × Xn, hence
Hecke′′ → Bun×Xn is representable and projective.
Let G˜ be the universal GL(V )-bundle over Hecke′′×X, corresponding to E . Then
the quotient G\G˜ has a canonical section l over (Hecke′′ ×X) r (Γx1 ∪ . . . ∪ Γxn),
corresponding to the universal isomorphism of GL(V ) ×G G
′ with G˜ over this set.
Moreover, Hecke′ is the largest substack A ⊂ Hecke′′ such that l extends to a
regular section on all of A×X. We want to show that Hecke′ is a closed substack
of Hecke′′.
As G is reductive, G\GL(V ) is affine. Thus G\G˜ is affine over Hecke′′ × X.
Since the question is local in the Zariski topology on both Hecke′′ and X, we are
thus reduced to the following assertion: Suppose we are given a scheme S, n points
x1, . . . , xn ∈ X(S) and a regular function l on U := (S×X)r(Γx1∪ . . .∪Γxn). Then
the functor Fl/S, which for every scheme T classifies morphisms f ∈ Hom(T, S)
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such that f ∗(l) extends to a regular function on T × X, is represented by a closed
subscheme of S.
Let j : U →֒ S ×X be the open embedding, let s ∈ Γ(X × S, j∗(OU)/OX×S) be
the image of l, and for each i = 1, . . . , n, let si be the restriction of s to Γxi
∼
→ S.
Then f ∈ Hom(T, S) belongs to Fl(T ) if and only if f ∗(si) = 0 for each i. Therefore
Fl is represented by the intersection of the schemes of zeros of the si’s.
c) Since Hecke′n,ω = Hecke1,ω1 ×Bun Hecke1,ω2 ×Bun . . . ×Bun Hecke1,ωn, it is
projective over Xn×Bun (by b)) hence over Hecken,ω. The second assertion follows
from Lemma A.8 a) below applied (n− 1)-times. 
Notation A.5. Consider a formal disc D := Spec k[[x]] (resp. punctured formal
disc D∗ := Spec k((x))) over k. For each scheme X/k, we denote by XD (resp.
XD∗) be a scheme (resp. functor) over k such that XD(A) = X(A⊗̂kk[[x]]) (resp.
XD∗(A) = X(A⊗̂kk((x)))) for each k-algebra A. In particular, XD is just the
inverse limit of the XDi’s, where Di := Spec k[[x]]/(x
i), and XDi = RDi/kX is the
Weil restriction of scalars.
Definition A.6. Let Gr be an ind-scheme, which classifying G-bundles over a
formal disc D, trivialized over a punctured formal disc D∗ (compare [Ga]). Gr is
called a local affine grassmannian. As in the global case, for each ω ∈ X+∗ (T ) we
define a closed subscheme Grω of Gr and a locally closed subscheme Gr
0
ω.
Remark A.7. GD∗ is the group of automorphisms of the trivial G-bundle on D∗. In
particular, GD∗ acts naturally on Gr, making Gr a homogeneous space. Moreover,
Grω and Gr
0
ω are GD-invariant subschemes of Gr.
Lemma A.8. a) For each two positive integers k < n, put
Uk,n−k := {(x1, . . . , xn) ∈ X
n|xi 6= xj for each i ≤ k < j}.
Then for each ω1 ∈ X+∗ (T )
k and ω2 ∈ X+∗ (T )
n−k, the forgetful morphism
π : Heckek,ω1 ×Bun Hecken−k,ω2 → Hecken,(ω1,ω2)
is an isomorphism over Uk,n−k. Also over Uk,n−k, Hecken,(ω1,ω2) is canonically iso-
morphic to the fiber product
Hecke(k,ω1),(n−k,ω2) := (Heckek,ω1 ×Hecken−k,ω2)×Bun×Bun Bun,
taken with respect to the projection p′× p′ : Heckek,ωi ×Hecken−k,ω2 → Bun×Bun
(see Notation 2.8) and the diagonal morphism Bun→ Bun×Bun.
b) Over Xn r∆, Grn,ω is canonically isomorphic to the product
∏n
i=1Gr1,ωi.
c) There exists a smooth surjective morphism S → Bun×X with connected fibers
such that Hecke1,ω ×X×Bun S is isomorphic over S to Gr1,ω ×X S.
d) Each Gr1,ω is a Zariski locally trivial fibration over X with fiber Grω.
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Proof. a) Let (G,G′; y1, . . . , yn;φ) be an S-point of Hecken,(ω1,ω2)×Xn Uk,n−k. Define
G1 (resp. G2) to be the G-bundle over X×S whose restriction to the complement of
∪i≤kΓyi is that of G
′ (resp. G), restriction to the complement of ∪i>kΓyi is that of G
(resp. G′), and the gluing is done with help of φ. Then (G,G′; . . .) 7→ (G,G2,G
′; . . .)
gives us the inverse (of the restriction) of π, while the map
(G,G′; . . .) 7→ ((G1,G
′; . . .), (G2,G
′; . . .))
gives us the required isomorphism
Hecken,(ω1,ω2) ×Xn Uk,n−k → Hecke(k,ω1),(n−k,ω2) ×Xn Uk,n−k.
b) follows from the second part of a) applied (n− 1)-times.
c) The space S, classifying pairs (x,G) ∈ X × Bun together with a trivialization
of G over the completion of the graph of x (or sufficiently large (depending on ω)
nilpotent neighborhood of x), satisfies the required property by [BL].
d) As explained in [Ga, 2.1.2], the fibration Gr1,ω → X becomes trivial over a
certain principal bundle over X, whose structure group A is the inverse limit of the
Ak’s with Ak(R) = AutR(R[t]/(tk+1)). As every A-bundle is locally trivial in the
Zariski topology, the statement follows. 
Proposition A.9. a) The reduced schemes (Gr0n,ω)red and (Gr
′0
n,ω)red are smooth
over Xn of relative dimension 〈2ρ,
∑n
i=1 ωi〉. Moreover, Gr
0
n,ω and Gr
′0
n,ω are reduced,
unless the characteristic of k is two, and G has a direct factor isomorphic to PGL2
or PO2m+1.
b) Both Grn,ω and Gr
′
n,ω are irreducible.
Proof. a) By Lemma 3.1 c), Gr0n,ω
∼= Gr′0n,ω ×Xn (X
n r∆). Therefore it remains to
show the statement for Gr′0n,ω. Secondly, as
Gr′0n,ω = Hecke
0
1,ω1
×Bun . . .×Bun Hecke
0
1,ωn−1
×Bun Gr
0
1,ωn,
Lemma 4.1 and Lemma A.8 imply that it will suffice to show that (Gr0ω)red is non-
singular of dimension 〈2ρ, ω〉 and that Gr0ω is reduced unless char k = 2, and G has
a direct factor isomorphic to PGL2 or PO2m+1.
By the Cartan decomposition, (Gr0ω)red is a homogeneous space for the action of
GD of dimension 〈2ρ, ω〉. Thus (Gr0ω)red is non-singular, and the smoothness of Gr
0
ω
is equivalent to the smoothness at some point. Assume now either that char k 6= 2
or that G does not have a direct factor isomorphic to PGL2 or PO2m+1.
Let (G, φ : G|D∗×Gr0ω
∼
→ G × D∗ × Gr0ω) be the universal object over Gr
0
ω. Then
for each Weyl module Vλ, φ gives an embedding of Gλ into trivλ(〈λ, ω〉x), where
we write trivλ instead of Vλ × D × Gr0ω. Let B˜ be the stack over Gr
0
ω classifying
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B-structures of G, and let us replace the universal object over Gr0ω by its pullback
to B˜. Then each b ∈ B˜ defines a line subbundle Lλ of the fiber of Gλ over X × {b}.
Consider a substack B′ of B˜ consisting of those points b such that for each λ ∈
X+∗ (T ), the corresponding line subbundle Lλ is not contained in trivλ((〈λ, ω〉−1)x).
Since the conditions for λ1 and λ2 appearing in the definition of B′ imply that for
λ1 + λ2, B
′ is defined inside B˜ by finitely many open conditions, so B′ is open in B.
Also since B˜ is pro-smooth over Gr0ω, it will suffice to show that B
′ is reduced.
For each b ∈ B′, the corresponding line subsheaf Lλ(−〈λ, ω〉x) of trivλ is a sub-
bundle. Furthermore, these subbundles satisfy the Plu¨cker relations, so by Lemma
A.2, the rule b 7→ Lλ(−〈λ, ω〉x) defines a morphism f from B′ to the reduced scheme
B := (G/B)D, classifying B-structures of the trivial G-bundle on D. Hence it will
suffice to show that f is an isomorphism. Note that both B′ and B are equipped with
a natural action of GD, that f is GD-equivariant, and that B is a homogeneous space
for the action of GD. Therefore it will suffice to check that the schematic preimage
C := f−1(o) of the point o ∈ B, corresponding to the standard B-structure, consists
of one reduced point.
By Cartan decomposition, Cred consists of one point yω ∈ Gr(k). Explicitly, yω =
gω(y0), where y0 ∈ Gr(k) is a point corresponding to the trivial G-bundle on D, and
gω ∈ T (k((x))) ⊂ G(k((x))) = GD∗(k) is the image of x−1 ∈ k((x))× = Gm(k((x)))
under ω : Gm → T . So it remains to show that the tangent space Tyω(C) is trivial.
For each dominant weight λ of G, denote by L0,λ ⊂ trivλ be the line subbundle
corresponding to the standard B-structure. Then C is a schematic intersection
inside Gr of Gr0ω with an ind-subscheme Nω, consisting of points (G, φ) such that
L0,λ(〈λ, ω〉x) is a line subbundle of Gλ for each λ. Let N be the unipotent radical of
B. Then Nω is a homogeneous space for the action of the group ND∗ . Therefore we
get a surjective map p : ND∗ → Nω sending u to u(yω) which induces a surjection
dp : LieN(k((x))) → Tyω(Nω). Hence we have to check that dp(u) /∈ Tyω(Grω) for
each u ∈ LieN(k((x)))rKer(dp).
For each u ∈ LieN(k((x))), denote by Gu ⊂ G×D∗×Spec k[t]/(t2) the G-bundle
on D × Spec k[t]/(t2), corresponding to dp(u) ∈ Tyω(Gr) ⊂ Gr(k[t]/(t
2)). Then our
assertion is equivalent to the fact that for each u ∈ LieN(k((x))) rKer(dp), there
exists a dominant weight λ of G such that (Gu)λ ⊂ Vλ × D∗ × Spec k[t]/(t2) is not
contained in (Vλ ×D × Spec k[t]/(t2))(〈λ, ω〉x).
Note that LieN(k((x))) decomposes as the direct sum ⊕αk((x)), where α runs
over the set ∆+ of all positive roots of G, and that Ker(dp) = ⊕αx−〈ω,α〉k[[x]]. For
each u ∈ LieN(k((x))) and α ∈ ∆+, denote by uα ∈ k((x)) the α-component of u.
Choose a basis {vi}i of Vλ consisting of T -eigenvectors and denote by µi ∈ X∗(T ) the
weight of vi. Then {x−〈µi,ω〉(vi + t
∑
α uαα(vi))}i generate the vector bundle (Gu)λ.
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Therefore we have to check that for each u ∈ LieN(k((x))) r Ker(dp) there exists
λ ∈ X+∗ (T ), a T -eigen vector v of Vλ of weight µ, and α ∈ ∆+ such that α(v) 6= 0 and
uα /∈ x−〈λ−µ,ω〉k[[x]]. As u /∈ Ker(dp), there exists α such that uα /∈ x−〈α,ω〉k[[x]].
Thus it remains to show that for each α ∈ ∆+, there exists λ ∈ X
+
∗ (T ) and a
T -eigenvector v of Vλ of weight λ− α such that α(v) 6= 0.
Using the representation theory of SL2, the last statement is equivalent to the
assertion that for each α there exists λ such that 〈αˇ, λ〉 (where αˇ is the coroot
corresponding to α) is not divisible by char k. Assume that this is not the case. Then
for each µ ∈ X+∗ (T ), the product 〈αˇ, µ〉 is divisible by char k. Since 〈αˇ, α〉 = 2, we
thus get that char k = 2. Let G1, . . . , Gl be all the simple factors of G
ad numbered
in a way that α is a root of G1. Replacing α by a Weyl group conjugate, we can
assume that α is simple. As for every other simple root β of G1, we have 〈αˇ, β〉
is even, we see from the classification of simple groups that G1 is either PGL2 or
PO2m+1.
It remains to show that G1 is a direct factor of G. Since G1 is adjoint, and
the center of Gsc1 consists of two elements, it remains to show that the canonical
homomorphism Gsc1 → G is not injective. To see this, denote by T1 ⊂ G
sc
1 the
preimage of T . Then X∗(T
sc
1 ) is generated by coroots of G
sc
1 , hence there exists
µ ∈ X∗(T sc1 ) such that 〈αˇ, µ〉 = 1. Therefore our assumption on α implies that
the restriction map X∗(T ) → X∗(T sc1 ) is not surjective, or, what is the same, the
homomorphism Gsc1 → G is not injective, as claimed.
Remark A.10. a) By the above argument, the condition in the proposition is not
only sufficient but also necessary, that is, Gr0n,ω is not reduced if k is a field of
characteristic two, and G has a direct factor isomorphic to PGL2 or PO2m+1.
b) It would be interesting to check whether the full stack Grω is reduced. This
seems to be the case at least in some simple cases (e.g. for G = SL2). A positive an-
swer to this question would imply that both FBunn,ω and Hecken,ω are reduced. In
particular, a variant of Hecken,ω, considered in Remark 2.5 d), would then coincide
with the original one.
b) We start from showing that Grω is irreducible. As Gr
0
ω is a homogeneous
space for the action of a connected group scheme GD, it is irreducible. Hence it
will suffice to show that for every two dominant coweights satisfying λ1 < λ2, the
orbit corresponding to λ1 lies in the closure of that of λ2. For this we may assume
that the difference λ2 − λ1 is a positive coroot α of G. Indeed, by the lemma of
Stembridge (see e.g., [Ra, Lem 2.3]), there exists a sequence of dominant coweights
λ1 = µ0 < µ1 < . . . < µr = λ2 such that any two neighboring µ’s differ by a positive
coroot. Next we may assume that G is of semi-simple rank one. Indeed, choose a
maximal torus T of G, and let G′ be the subgroup of G generated by T together
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with the image of the canonical morphism SL2 → G, corresponding to α. Then G′
is a reductive group of semi-simple rank one, and the statement for G′ implies that
for G. As any reductive group of semi-simple rank one is a product of a torus with
either GL2, SL2 or PGL2, it remains to check the statement for GL2. In this case
the irreducibility of Grω easily follows from explicit resolution of singularities.
Remark A.11. The irreducibility of Grω is essentially equivalent (using Bott–
Samelson resolution of singularities) to the fact that the standard order on coweights
is induced by the Bruhat order on the affine Weyl group.
Next, as in the beginning of a), the assertion for Gr′n,ω follows immediately from
that for Grω. In particular, we get the statement for Gr1,ω. The assertion for Grn,ω
will be shown by induction on n. First by Lemma A.8 c) we get the irreducibility
of Grn,ω ×Xn (Xn r ∆). Denote now by Grn,ω the closure of Grn,ω ×Xn (Xn r ∆)
in Grn,ω. For each i 6= j, consider the closed subscheme (Grn,ω)|xi=xj of Grn,ω.
As it is given locally by one equation in Grn,ω, it is of codimension one. On the
other hand, by induction hypothesis, (Grn,ω)|xi=xj is irreducible and has the same
dimension as (Grn,ω)|xi=xj . Thus (Grn,ω)|xi=xj is contained in Grn,ω for each i 6= j.
Hence Grn,ω = Grn,ω, as claimed. 
Lemma A.12. The forgetful morphism π : Hecke′n,ω → Hecken,ω is small.
Proof. As the statement is well known to experts, we will just sketch the argument
for the convenience of the reader. Observe first that it follows from basic properties
of Coxeter groups that the Bott–Samelson resolution G˜rω → Grω is semi-small. Our
statement is a formal consequence of this fact. Indeed, consider the stratification
of Xn, given by diagonals xi = xj . As the restriction of π to the open stratum of
Xn is an isomorphism (by Lemma 3.1), it will suffice to show that the restriction
of π to each stratum is semi-small. Moreover, by Lemma A.8 a) and the induction
hypothesis, we have to check the assertion only for the closed stratum x1 = . . . = xn.
Furthermore, by Lemma A.8 c),d), it will suffice to show that for each (x,G) ∈
X × Bun the restriction πy of π to y := (x, . . . , x;G) ∈ Xn × Bun is semi-small.
The last assertion follows from the observations that the fiber of Hecken,ω over
y is isomorphic to Grω1+...+ωn, and the (semi-small) Bott–Samelson resolution of
Grω1+...+ωn factors though πy. 
Proposition A.13. The restriction of the IC-sheaves of Hecken,ω and Hecke
′
n,ω to
each stratum isomorphic to a direct sum of complexes of the form Ql(k/2)[k] with
the parity of k is the same as that of dimHecken,ω = dimHecke
′
n,ω.
Proof. First we will show the corresponding statement for Grω. Let (the Iwahori
subgroup) I ⊂ GD be the preimage of B ⊂ G under the natural projection GD → G.
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Since the IC-sheaf of Grω is GD-equivariant and since each stratum of Grω has an
open I-orbit, it remains to show the corresponding statement for the restriction of
the IC-sheaf to each I-orbit. For this we will use the same strategy as in [Ga, A.7].
Consider the Bott–Samelson resolution π : G˜rω → Grω. By the decomposition
theorem, ICGrω is a direct summand of π!(Ql)(dimGrω)[2 dimGrω]. Therefore it
will suffice to show that the restriction of π!(Ql) to each I-orbit is a direct sum of
complexes of the form Ql(k)[2k]. Consider the stratification of G˜rω by I-orbits. As
I is pro-unipotent, each stratum of G˜rω is an A
N -bundle (for some N) over the
corresponding stratum of Grω. By the proper base change theorem, it will therefore
suffice to show the statement for each fiber.
Thus we are reduced to showing that if ρ : X → Fq has a stratification by
affine spaces, then ρ!(Ql) decomposes as a direct sum of complexes of the form
Ql(k)[2k]. Let N be the dimension of X, and let U be the disjoint union of (open)
strata of X of top dimension. By induction, we may assume that the statement
holds for X r U . As the statement clearly holds for affine spaces, hence for U , it
would suffice to show that ρ!(Ql) decomposes as a direct sum ρ!(Ql|U)⊕ ρ!(Ql|XrU).
As the statement is equivalent to splitting of the canonical distinguished triangle
ρ!(Ql|U)→ ρ!(Ql)→ ρ!(Ql |XrU)→, the assertion for Grω now follows from the fact
that ρ!(Ql |U) = τ≥2Nρ!(Ql).
In the global case, we will show our assertion by induction on n. For n = 1,
it is an immediate consequence of the case of Grω was proved above (use Lemma
A.8 c),d)). As Hecke′n,ω = Hecke1,ω1 ×Bun Hecke1,ω2 ×Bun . . .×Bun Hecke1,ωn , the
assertion for Hecke1,ω implies that for Hecke
′
n,ω. For n > 1, take any stratum S of
Hecken,ω. We have two cases: either S lies over X
n r∆, or S is a stratum of some
(Hecken,ω)|xi=xj . In the first case, the statement follows from that for Hecke
′
n,ω and
Lemma 3.1.
In the second case, the statement will follow from the induction hypothesis if we
show that the restriction of the IC-sheaf ofHecken,ω to (Hecken,ω)|xi=xj ⊂ Hecken−1
is a direct sum of IC-sheaves of closed strata. By Lemma A.12, π! maps the IC-
sheaf of Hecke′n,ω to that of Hecken,ω. By the proper base change theorem, we are
therefore reduced to the case n = 2, which in its turn reduces to the case of Gr2,ω.
In this case, the assertion over Fq is shown in the proof of [Ga, Prop 1], and the
decomposition over Fq easily follows from the fact that each fiber of Gr
′
2,ω → Gr2,ω
has a stratification by affine spaces (compare the proof of Lemma A.12). 
References
[BD] A. Beilinson and V. Drinfeld, Quantization of Hitchin’s Integrable System and Hecke Eigen-
sheaves, preprint, available at http://zaphod.uchicago.edu/∼benzvi/.
MODULI SPACES OF PRINCIPAL F -BUNDLES 37
[BL] A. Beauville and Y. Laszlo, Un lemme de descente, C. R. Acad. Sci. Paris Sr I Math. 320
(1995), 335–340.
[BS] A. Borel and T.A. Springer, Rationality properties of linear algebraic groups. II., Tohoku
Math. J. (2), 20 (1968), 443–497.
[Be1] K. Behrend, The Lefschetz trace formula for the moduli stack of principal bundles, Ph.D.
thesis, available at http://www.math.ubc.ca/people/faculty/behrend/thesis.html.
[Be2] , Semi-stability of reductive group schemes over curves, Math. Ann. 301 (1995), 281–
305.
[De] P. Deligne La conjecture de Weil II, Inst. Hautes E´tudes Sci. Publ. Math. 52 (1980), 137–252.
[Dr1] V. G. Drinfeld, Moduli varieties of F -sheaves, Func. Anal. and Appl. 21 (1987), 107–122.
[Dr2] , Cohomology of compactified moduli varieties of F -sheaves of rank 2, J. Soviet Math.
46 (1989), 1789–1821.
[DS] and C. Simpson, B-structures on G-bundles and local triviality, Math. Res. Lett. 2
(1995), 823–829.
[Ga] D. Gaitsgory, Construction of central elements in the affine Hecke algebra via nearby cycles,
Invent. Math. 144 (2001), 253–280.
[Ka] D. Kazhdan, An introduction to Drinfeld’s “Shtuka”, in Automorphic forms, representations
and L-functions, Proc. Sympos. Pure Math. 33, Part 2, 347–356, 1979.
[La1] L. Lafforgue, Chtoucas de Drinfeld et conjecture de Ramanujan-Petersson, Aste´risque 243
(1997).
[La2] , Chtoucas de Drinfeld et correspondance de Langlands, Invent. Math. 147 (2002),
1–241.
[LMB] G. Laumon and L. Moret-Bailly, Champs alge´briques, Springer-Verlag, Berlin, 2000.
[MS] J. Milne and K.-Y. Shih, Conjugates of Shimura varieties, in Hodge cycles, motives, and
Shimura varieties, Lecture Notes in Mathematics 900, Springer, 1982, pp. 280–356.
[Ra] M. Rapoport, A positivity property of the Satake isomorphism, Manuscripta Math. 101
(2000), 153–166.
Institute of Mathematics, Hebrew University, Givat Ram, 91904 Jerusalem, IS-
RAEL
E-mail address : vyakov@math.huji.ac.il
